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0. Introduction, Overview, and Purpose 

0.1. Philosophy and Diatribe 

Following the discovery of spacetime anomaly cancellation in 1984 string the- 
ory has undergone rapid development in several directions. The early hope of making 
direct contact with conventional particle physics phenomenology has however long since 
dissipated, and there is as yet no experimental program for finding even indirect manifes- 
tations of underlying string degrees of freedom in nature. The question of whether string 
theory is "correct" in the physical sense thus remains impossible to answer for the foresee- 
able future. Particle/string theorists nonetheless continue to be tantalized by the richness 
of the theory and by its natural ability to provide a consistent microscopic underpinning 
for both gauge theory and gravity. 

A prime obstacle to our understanding of string theory has been an inability to pene- 
trate beyond its perturbative expansion. Our understanding of gauge theory is enormously 
enhanced by having a fundamental formulation based on the principle of local gauge in- 
variance from which the perturbative expansion can be derived. Symmetry breaking and 
nonperturbative effects such as instantons admit a clean and intuitive presentation. In 
string theory, our lack of a fundamental formulation is compounded by our ignorance of 
the true ground state of the theory. Beginning in 1989, there was some progress towards 
extracting such nonperturbative information from string theory, at least in some simple 
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contexts. The aim of these lectures is to provide the conceptual background for this work, 
and to describe some of its immediate consequences. 

In string theory we wish to perform an integral over two dimensional geometries and 
a sum over two dimensional topologies, 



where the spacetime physics (in the case of the bosonic string) resides in the conformally 
invariant action 



Here n, v run from 1, . . . , D where D is the number of spacetime dimensions, G'^;y(X) is the 
spacetime metric, and the integral T>g is over worldsheet metrics. Typically we "gauge-fix" 
the worldsheet metric to g^^ = e'^'^at, where 99 is known as the Liouville field. Following 
the formulation of string theory in this form (and in particular following the appearance of 
the work of Polyakov [H), there was much work to develop the quantum Liouville theory 
(some of which is reviewed in chapt. 2 here), and conformal field theory itself has been 
characterized as "an unsuccessful attempt to solve the Liouville theory" [§]. It has been 
recognized that evaluation of the partition function Z in (|0.1|) without taking into account 
the integral over geometry does not solve the problem of interest, and moreover does not 
provide a systematic basis for a perturbation series in any known parameter. 

The program initiated in relies on a discretization of the string worldsheet to 

provide a method of taking the continuum limit which incorporates simultaneously the 
contribution of 2d surfaces with any number of handles. In one seemingly giant step, it is 
thus possible not only to integrate over all possible deformations of a given genus surface 
(the analog of the integral over Feynman parameters for a given loop diagram), but also 
to sum over all genus (the analog of the sum over all loop diagrams). This would in 
principle free us from the mathematically fascinating but physically irrelevant problems 
of calculating conformal field theory correlation functions on surfaces of fixed genus with 
fixed moduli (objects which we never knew how to integrate over moduli or sum over 
genus anyway). The progress, however, is limited in the sense that these methods only 
apply currently for non-critical strings embedded in dimensions D <\ (or critical strings 
embedded in L> < 2), and the nonperturbative information even in this restricted context 
has proven incomplete. Due to familiar problems with lattice realizations of supersymmetry 
and chiral fermions, these methods have also resisted extension to the supersymmetric case. 



Z 



topologies 






(0.2) 
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The developments we shall describe here nonetheless provide at least a half-step in 
the correct direction, if only to organize the perturbative expansion in a most concise 
way. They have also prompted much useful evolution of related continuum methods. 
Our point of view here is that string theories embedded in D < 1 dimensions provide a 
simple context for testing ideas and methods of calculation. Just as we would encounter 
much difficulty calculating infinite dimensional functional integrals without some prior 
experience with their finite dimensional analogs, progress in string theory should be aided 
by experimentation with systems possessing a restricted number of degrees of freedom. 

While it is occasionally stated that exactly solvable models are too special to provide 
useful lessons for physics, at least one striking historical example suggests the opposite: 
Onsager's exact solution of the Ising model led to many fundamental ideas in quantum field 
theory. In particular, ideas associated with the renormalization group, phase transitions, 
non-mean field exponents, and the operator product expansion all had their origin in the 
solution of the Ising model. We hope that this historical example will serve as well as the 
paradigm for applications of exactly soluble spacetime solutions in string theory. 

0.2. 2D Gravity and 2D String theory 

We begin with a quick tour and overview of 2D gravity and 2D string theory, em- 
phasizing the main physical ideas and lessons we have learned from recent progress in the 
subject, so that they are not lost in the lengthy discussion that follows. See also chapt. 15 
for another appraisal when we are done. 

We have learned distinct lessons for 2D gravity and 2D string theory due to the two- 
fold interpretation of the models we discuss: 



Hartle-Hawking 
tadpole 





propagator 




Interaction Vertex 
= Topology Change 



Fig. 1: Correlation functions {W{i)), {W{i)W{i)), and {W {i)W {i)W {£)) . 
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1) As Quantum Gravity 

In this guise, we study a "field theory of universes." We will introduce an operator (the 
macroscopic loop operator) W{£, . . .) that creates universes of size i (ID and circular, in the 
case of a 2D target space). The matrix model allows us to compute correlation functions 



{W{e)), {Wii)W{i)), {W{i)Wii)W{i)), associated respectively with the Hartle- 



Hawking wavefunction, with universe propagation, and with topology change (processes 
depicted in fig. 1). The matrix model even allows both calculation of the effect of more 
drastic topology changes and summation over topology-changing amplitudes. 

2) As Critical String Theory 



sional target spacetime with coordinates (p, X. Physical interpretations of the spacetime 
theory require an analytic continuation to a spacetime of Minkowskian signature. There 
are two choices for this continuation, but we shall argue that the clearest lessons for string 
theory come from the c = 1 model that we will construct, with cp taken as the Liouville 
coordinate, and t — —iX as the Minkowskian time coordinate. 



We will consider in detail the case for which ( |U.2| ) defines a flat Euclidean two dimen- 




A t 



Strongly 
Coupled 
Strings 



Free 
Strings 



+iog(-?r) 





Wall 



Fig. 2: Free, strong, and wall regions of the tachyon potential. At left, particles 
are produced as tachyons scatter. 
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This exactly solvable spacetime background is a strange world. Since there are only 
two spacetime dimensions, there are no transverse degrees of freedom. The only on- shellS 
field theoretic degree of freedom in the theory is that of a massless bosonic field T(t, (p), 
called the "massless tachyon" (because the field T is mathematically analogous to a field 
which is tachyonic for any string propagating in more than 2 spacetime dimensions, in 
particular for the 26-dimensional bosonic string). Moreover, the world is spatially inho- 
mogeneous. We shall find (see eq. (5.14)) that the spacetime dilaton field has expectation 
value (D) = Q(p/2, so that the string coupling varies with the spatial coordinate (p as 
'^efF ~ KqB^^'^. At (j) = — oo, strings are free while at ^ = +00 strings are infinitely 
strongly coupled. Finally, there is a cosmological constant term ~ fie'^ in the Liouville 
path integral formulation of this theory that strongly suppresses contributions to path 
integrals from large positive values of (p (we are assuming throughout these notes that the 
cosmological constant satisfies /i > , unless specified otherwise). Since the interaction 
turns on exponentially there is effectively a wall located ai (p = logl//U, often called "the 
Liouville wall", and the world looks as depicted in fig. 2. The most obvious physical ex- 
periment we can perform in this world is to bounce our massless bosons off the wall. In 
chapt. 13, we will show how to compute exactly the S'-matrix for such scattering processes. 
We are also able to compute the "flows" that relate physics in different (time-dependent) 
backgrounds. 

0.3. Review of reviews 

Several reviews overlap different portions of the subject matter covered here. The 
Liouville theory is reviewed in [^,§1 and references therein. The matrix model technology 
is reviewed in [p|-|l4| (note that some sections here are adapted directly from 0|), the 
c = 1 matrix model is reviewed in [p!5|JT^ , and spacetime properties are emphasized in ||17|| . 



Other recent reviews are \18 



After treating the necessary preliminaries, our viewpoint here is largely complemen- 
tary to the other treatments, placing an emphasis on the properties of macroscopic loops, 
the Wheeler-DeWitt equation, and the scattering theory in D = 2 target space dimen- 
sions. In chapters 1-5, we give an overview of the continuum ideas and formalism we shall 
use for treating loops and states in conformal field theory, for understanding the classical. 



^ The graviton and dilaton in 2 spacetime target dimensions have no on-sheh degrees of free- 
dom, i.e. are not physical propagating particles. 
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semiclassical, and quantum Liouville theories, and for implementing the path integral and 
canonical treatments of 2D Euclidean quantum gravity. In chapters 6-9, we focus on the 
discretized approach to 2d quantum gravity and 2d string theory, and explain various fea- 
tures of the matrix model approach. In chapters 10-14, we employ the techniques provided 
by the discretized approach to calculate many of the continuum quantities introduced ear- 
lier. In chapter 15, we assess our prospects for the future. Appendix A contains some 
useful definitions and facts about some of the special functions used in these lectures. 

Due to lack of spacetime, we will not be reviewing many other important works on 
the subject of 2D gravity. These notes are a preliminary version of a book that 
will contain much interesting material omitted from these lecture notes. We welcome 
constructive comments concerning typos, inconsistent conventions, inconsistent references, 
sign errors and conceptual errors in these notes. 

1. Loops and States in Conformal Field Theory 

We begin here with a review of how a loop in the context of conformal field theory 
can be replaced by a sum of local operators. For simplicity we will restrict attention to the 
Gaussian model. The intuition from this example will be essential to our later extraction 
of correlation functions from macroscopic loop amplitudes. 

1.1. Lagrangian formalism 

For simplicity, consider the standard c = 1 Gaussian model. 



where E is a surface perhaps with handles and boundaries. The objects of interest are the 
path integrals 






(1.2) 



where we integrate over maps X : E ^ IR. 

The space of local operators is spanned by expressions of the form 




(1.3) 



^ the modest expenditure for which will be amply rewarded by the substantial further enlight- 
enment contained therein. 
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where P is a polynomial and the expression is suitably normal-ordered. When X is a 
periodic variable, i.e. a map X : E — > S"^, then additional considerations apply: k is 
quantized and there are winding modes which allow the definition of a more subtle theory 
with an extra zero mode, leading to "magnetic" and "electric" quantum numbers. See 
for more details. 

1.2. Hamiltonian formalism 

In the radial Hamiltonian formalism (for a review, see e.g. [^) we decompose the 
fields into modes, 

idX = y^ anZ~''~^ , [an, am] = n 5n+m 

- n 1 ^1-^) 

tdX = ^anZ , [an,am] = nSri+m ■ 

The stress-energy tensor T = —^{dX)'^ defines a Virasoro algebra and radial propagation 
is generated by the Hamiltonian Lq + Lq. 
In terms of the Fock space 

^p = Span|j](a_„)"^"|p) n > 0, > o} 

(1.5) 

ao\p)=p\p) an\p) = (n > 0) , 
we see that the states of the theory lie in a Hilbert Space of the form 

n = ®p,p Np^pj^p^j^p . (1.6) 

Alternatively, we can think of the Hilbert space as the space of wavefunctionals \E'[X(o")]. 
(More precisely, we may introduce the loop space LIR and, with an appropriate measure, 
the Hilbert space is simply the space H = L^(LIR) of square integrable maps of loops into 
IR.) 

Exercise. Coherent states 
If we decompose 

X((j) = xo + ^e""^a;n + ^e™'^x„ , (1.7) 

n>0 n<0 

we may regard ^ as a function of infinitely many variables xq, Xn, Xn- Using the coherent 
state representation for the harmonic oscillators, a„ nx„, for n > 0; a„ d/dxn, 
for n < 0; and similarly for a and x, translate the Fock space states (|1.5| ) into wave- 
functionals ^[X(cr)]. 
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The Lagrangian and Hamiltonian formalisms are related by the so-called "operator 
formalism". The basic idea is that the neighborhood of any point on the surface E lo- 
cally looks like the complex plane and information about the rest of the surface may be 
summarized in a state at infinity. 

1.3. Equivalence of states and operators 

One of the basic properties of conformal field theory is the one-to-one correspondence 
between operators O and states \0). 

To map operators states, we associate the state \0) to the operator 0{z, z) accord- 
ing to 

0^\0)= lim 0{z,z)\Q) . (1.8) 

2,2:^0 

Equivalently, we can create a state by performing a path integral on a hemisphere D. 
To evaluate such a path integral, the boundary conditions for the field X{z,z) must be 
specified on the equator, parametrized here by a, and the value of the path integral defines 
the wavefunction \l/[X(a")] (i.e. the wavefunction for the identity operator). Insertion of an 
operator O on the hemisphere D gives the wavefunction for the operator O, 

^o[X{a)] = 

^ (1.9) 
Using the equivalence between the Fock space and wavefunctional descriptions of the states, 
the two descriptions (|1.8|) and ( |1.9| ) of the operator state maps are easily seen to be 
equivalent: namely (X(a)|(9) = \E'e)[X(cT)] (where (X(a)| is a basis of eigenstates of the 
operator X((t) in the Fock space representation). 

Exercise. Wavefunctions from path integrals 

Consider a disk of radius r in the complex plane, centered at ^ = 0, and consider 




the path integral (1.9) with boundary condition 

X(cr) = xo + ^ e*"°"a;„ + ^ e'"'°"xn (1-10) 



n>0 ra<0 



a) Solve for the classical field configuration Xd satisfying these boundary condi- 
tions. Then shift the field X Xd+SX in the path integral, where 5X satisfies Dirichlet 
boundary conditions, and show by substituting into (|1.9|) that the wavefunction is 



^[X{a)] = C J]^(27rn)e"^""''""'' , (1.11) 



n = l 
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where the constant C is determined by imposing some normahzation condition. 

b) Why can this be identified with the state |0) ? 

c) Repeat this exercise to calculate the wavefunction for some other simple opera- 
tors. 

d) Describe the wavefunction associated to states created by local operators of the 
form (lol ). 

Expansion of loops in terms of local operators 

Having described the operator t— > state mapping, now we wish to consider the inverse 
state ^— operator mapping. To "insert a state" into the path integral, we cut a hole of 
radius r out of the surface E, and insert a state with some wavefunction \l/[X(a)] on 
the boundary of the hole (i.e. use \1/[X((t)] as the weight factor in the functional integral 
over X{a)). We shall see that the new path integral is equivalent to that obtained by 
inserting a local operator into ( |1.2|) , thus providing a states — * operators mapping. The 
mapping is clearly linear and one-to-one, but to show that there is moreover an 

isomorphism between states and operators, we need to show that every state is equivalently 
represented by an operator insertion. The basic idea, physically, is to take a state inserted 
on a hole and by conformal invariance shrink the hole to arbitrarily small size. Since an 
infinitesimally small hole has the same effect as a local operator, the insertion of a state on 
the boundary of a hole in the path integral is equivalent to the insertion of some operator. 

In formulae, the states ^ operators mapping equates the insertion of a little hole of 
radius r on any surface E in state with the insertion of a sum of operators at the center 
of the hole, 

W^{r) = r^'^^^ . (1.12) 

i 

Here Oi{z, z) is a basis of local operators diagonalizing Lq + Lq, and VF*(r) is an operator 
that inserts a macroscopic loop of size r with wavefunction \l/[X(a)]. 
Example: Annular path integral. 

Consider the path integral on a sphere with two holes, or, after a conformal transfor- 
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mation, on an annulus. This is given in the operator formahsm by 



r=l 




^^2 




the operator formahsm, see e.g. pT|-P^. 

Our goal is to calculate macroscopic loop amplitudes in 2D gravity. Current matrix 
model technology will allow this only for some very specific states |^'), but these states will 
have overlaps with sufficiently many interesting operators that much useful information can 
be extracted. To provide a physical framework for interpreting the matrix model results, 
we shall first investigate in the next two chapters the spectrum of Liouville theory and of 
2D gravity. 

1.4- Gaussian Field with a Background Charge 

For later comparison with the Liouville results, we give here a brief overview of gaus- 
sian conformal field theory in the presence of a background charge, also known as Chodos- 
Thorn/Feigin-Fuks (CTFF) theory. We consider the action 




(1.14) 



The additional term leads to the modified stress-energy 




(1.15) 



which generates a Virasoro algebra with central charge 



c = 



1 - 12a^ 



We see that the effect of the extra term in ( |1.15[ ) is to shift c < 1 for ckq real. Since the 



stress-energy tensor in (|1.15| ) has an imaginary part, the theory it defines is not unitary 
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for arbitrary Oq. For particular values of ao, it turns out to contain a consistent unitary 
subspace. 

Taking the operator product with the modified T of ( p..l5| ), we find that the conformal 
weight of e^'f' is shifted to A = — 2aQ). The same conformal weights would be inferred 
from two-point functions calculated in the presence of a 'background charge' — -\/2cto at 
infinity, so the modification of T{z) in ( p. .151) is interpreted as the presence of such a 
background charge. This formalism was originally used by Chodos and Thorn in , and 



was more recently revived by Feigen and Fuks in a form used in [^5| to calculate correlation 
functions of the c < 1 conformal field theories. 

Exercise. Momentum Shift from Background Charge 

Consider a Gaussian field with background charge Q = 2iaQ. Derive the relation 

ip^ = a-^ , (1.16) 

for the momentum of the state created by the vertex operator exp(a0) by considering 
the state created by the path integral on the disk, analogous to the example of the 
Gaussian model in (11.91). 



2. 2D Euclidean Quantum Gravity I: Path Integral Approach 

In this chapter, we shall consider the implementation of quantum gravity as a theory 
which makes precise and well-defined sense out of a path integral over metrics on some 
spacetime. 

2.1. 2D Gravity and Liouville Theory 

Using the principle of general covariance, any quantum field theory 5'matter[-'^*] in any 
number of dimensions may be coupled to gravity, resulting in an action S[g, X^], where 
refer to "matter" fields in the theory and g is the metric. 

Classically, the theory S[g^X'^] with gravity coupling in two dimensions is always a 
conformal field theory. To see this, recall that the stress energy tensor of the theory is 
= Tap. Defining the Liouville mode as the overall scale of the metric, g = e^'^g, 
we see that the Liouville equation of motion is = 0. This defines a classical conformal 
field theory. In two dimensions, we may pass to local complex coordinates and write this 
equation as T^i = 0. Conservation of energy-momentum then shows that the theory has a 
holomorphic energy momentum tensor Tzz = T{z). 
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Quantum mechanically, we try to understand the (Euclidean) quantum gravitational 
path integrals 



{O 



1 • 



n \ -- [ '^a'^X J R-^A-s[x] ,^ .2 11 



where Oi are generally covariant operators. By fixing a conformal gauge g^f^ = e'^Sab, 
Polyakov p| observed that the matter /gravity theory could be written as a coupled tensor 
product of Liouville theory and the "matter" theory Smattei- The passage to conformal 
gauge necessarily introduces the Faddeev-Popov reparametrization ghosts. At a formal 
level, the gauge invariance of the theory, expressed as the independence of the integral 
( p.l| ) to Weyl transformations of the gauge slice, implies that the coupling of Liouville and 
matter theories is itself a conformal field theory. If the original matter theory was not 
conformal, however, then the resulting theory will not be a simple tensor product. 
Example 1: Coupling the massive Ising model 



S = J ipdip + mipip (2.2) 

to gravity results in the lagrangian 

S = j ^{^Di; + m^i^)+ I d'z ^[^{V<pf + ^e-^^ + ^<PR{9)) , (2.3) 

where D is the covariant derivative (i.e. includes the spin connection). 
Example 2: Coupling the massive sine-Gordon model 



d^z>yg\^ — {VXy + mcos{pX/V2)) (2.4) 



to gravity results in the lagrangian 

S= j d'^z^/§(^■^{VX)^ + me^^ cos{pX/V2)^ 



(2.5) 



In both examples, we will see that Q and 7 are fixed by general covariance. The 
remarkable property of Liouville theory that allows it to associate an arbitrary quantum 
field theory with some conformal field theory deserves to be better understood. 
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2.2. Path integral approach to 2D Euclidean Quantum Gravity 

The first success of the discretized (matrix model) approach, the focus of our later 
chapters here, was to reproduce the critical exponents predicted from continuum (Liouville) 
methods. (In fact the coincidence of results served to give post-facto verification of both 
methods.) In this section we review the latter continuum methods from a fairly formal 
point of view. A more physical point of view will appear in the next chapter. 
String susceptibility Fstr 

We consider the continuum partition function 

VgVX -SM{X-g)-^Jd'^^ 

e , (2.6) 



voliDzff) 

where Sm is some conformally invariant action for matter fields coupled to a two dimen- 
sional surface E with metric g, fio is a bare cosmo logical constant, and we have symbolically 
divided the measure by the "volume" of the diffeomorphism group (which acts as a local 
symmetry) of E . For the free bosonic string, we take Sm = / d^^ y/g g""^ daX ■ dbX 
where the X{^) specify the embedding of E into fiat D-dimensional spacetime. 

To define ( p.6|) , we need to specify the measures for the integrations over X and g 
(see, e.g. [^). The measure VX is determined by requiring that JVgSX e-ll^^ll^ = 1, 
where the norm in the gaussian functional integral is given by = J d^^ ^Jg5X ■ 5X. 

Similarly, the measure Vg is determined by normalizing J 'DgSg e~2ll^^ll9 = 1, where 

ll^fi'llg = / y/9 {9°''^9^'^ + '^9°''^9^'^) ^9ah^9cd^ ^^'^ ^9 represents a metric fiuctuation at 
some point g^^ in the space of metrics on a genus h surface. 

The measures VX and T>g are invariant under the group of diffeomorphisms of the 
surface, but not necessarily under conformal transformations g^^^ — * e'^ g^^^. Indeed due to 
the metric dependence in the norm it turns out that 



V,.gX = e'"''' 'VgX , (2.7) 
where 

SL{a) = j d?i^(\g''''daadba + Ra + iie'') (2.8) 

is known as the Liouville action. (This result may be derived diagrammatically, via the 
Fujikawa method, or via an index theorem; for a review see ||27|| .) 

The metric measure Vg as well has an anomalous variation under conformal transfor- 
mations. To express it in a form analogous to ( p.7| ), we first need to recall some basic facts 
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about the domain of integration. The space of metrics on a compact topological surface E 
modulo diffeomorphisms and Weyl transformations is a finite dimensional compact space 
A4h, known as moduli space. (It is 0-dimensional for genus h = 0; 2-dimensional for h = 1; 
and (6/i — 6)-dimensional for h > 2). If for each point r G A^/i, we choose a representative 
metric g^^p then the orbits generated by the diffeomorphism and Weyl groups acting on 
g^j generate the full space of metrics on E. Thus given the slice 5'(r), any metric can be 
represented in the form 

rg = e^g{r) , 

where /* represents the action of the diffeomorphism / : E E. 

Since the integrand of ( |2.6| ) is diffeomorphism invariant, the functional integral would 
be infinite unless we formally divide out by the volume of orbit of the diffeomorphism 
group. This is accomplished by gauge fixing to the slice ^(r); the Jacobian that enters can 
be represented in terms of Fadeev-Popov ghosts, as familiar from the analogous procedure 
in gauge theory. We parametrize an infinitesimal change in the metric as 

^9zz = ^z^z , Sg-- = Vi ^5 

(where for convenience we employ complex coordinates, and recall that the components 
g^- = g^^ are parametrized by e'''). The measure Vg at ^(r) splits into an integra- 
tion [dr] over moduli, an integration T>(fi over the conformal factor, and an integra- 
tion T>^ over diffeomorphisms. The change of integration variables Vdg^^ ^^9zz ~ 
(det Vz det V5 ) introduces the Jacobian det V2 det Vi for the change from 5g to ^. 

The determinants in turn can be represented as 



- I' ^^^^/ghzz^-zc' - \' ^^iJghzVzc' 

detV. detV? = iVbVcVbVce ^ ^ ^ ^ 



V{g\v) e 



-S'gh(6, c, 6, c) 



(2.9) 



where I5(gh) = VbVcVbVc is an abbreviation for the measures associated to the ghosts 
b,c,b,c; bzz is a holomorphic quadratic differential, and (c^) is a holomorphic (anti- 
holomorphic) vector. 

Finally, the ghost measure I'(gh) is not invariant under the conformal transformation 
g e'^g, instead we have P, |26|j27|] 



Pe^,(gh)=e Vgigh) , (2.10) 
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where Sl is again the LiouviUe action ( |2.8|) . (In units in which the contribution of a single 
scalar field to the conformal anomaly is c = 1, and hence c = 1/2 for a single Majorana- 
Weyl fermion, the conformal anomaly due to a spin j reparametrization ghost is given by 
c = (— 1)^2(1 + 6j(j — 1)). The contribution from a spin j = 2 reparametrization ghost is 
thus c = —26.) 

We have thus far succeeded to reexpress the partition function (|2.6| ) as 



r -Sm - ^gh - f d^^ ^ 

Choosing a metric slice g = e'^g gives 

Ve^g(pVe'flg{gh)VeV>gX = J{ip,g) Vg(pVg{gh) VgX , 

where the Jacobian J{f, g) is easily calculated for the matter and ghost sectors (( |2.7D and 
( pj.lO| )) but not for the Liouville mode The functional integral over {p is complicated by 
the implicit metric dependence in the norm 



since only if the e'^ factor were absent above would the 'Dg(f> measure reduce to that of a 
free field. 

In it is simply assumecM that the overall Jacobian J{(f,g) takes the form of an 
exponential of a local Liouville-like action / d^^ {a g°'^da^dt,^ + bRip + /ie'^'^), where a, 
b, and c are constants that will be determined by requiring overall conformal invariance (c 
is inserted in anticipation of rescaling of ip) . With this assumption, the partition function 
( p.6| ) takes the form 

r n / N —SM{X,g) — SfThib,c,b,c,g) 

[Ar]VgipVg{g\v)VgX e g V , , , 

(2.11) 

- / d'^ (dg'^^daifdhip + bRif + //e^^) 

■ e 

where the if measure is now that of a free field. 

The path integral ( 2.11|) was defined to be reparametrization invariant, and should 



depend only on e'^g = g (up to diffeomorphism) , not on the specific slice g. Due to 



^ Some attempts to justify this assumption may be found in [Bol. In the next two chapters, 



we 



shall see why this result should be expected from the canonical Hamiltonian point of view of [30|. 
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diffeomorphism invariance, ( |2.11|) should thus be invariant under the infinitesimal trans- 
formation 

5g = e{i)g, 5^ = -e{i) , (2.12) 

and we can use the known conformal anomalies ( p.7|) and ( |2.10|) for ip, X, and the ghosts to 
determine the constants a,b,c. Substituting the variations ( |2.12| ) in we find terms 

of the form 

(^-^^-^ + h^ j d^^^/^ Re and {2~a -h) j d?^ ^ eU^ , 

where the D — 26 on the left is the contribution from the matter and ghost measures "DgX 
and Pg(gh), and the additional 1 comes from the "Dgip measure. Invariance under ( |2.12| ) 
thus determines 

~ 25 — L> 

6=^^, ~a=\h. (2.13) 

(In general we would substitute here D chatter, where c^^atter contribution to the 

central charge from the "matter" sector of the theory.) 

Substituting the values of a, b into the Liouville action in (|2.11[) gives 



i I ^"^^9{^^9'''d.^d,^+^\^R^) . (2.14) 



To obtain a conventionally normalized kinetic term J [dip)"^, we rescale — > y 

(This normalization leads to the leading short distance expansion ip{z) if{w) ~ — log{z — 

w).) In terms of the rescaled <f>, we write the Liouville action as 



8n 

where 



^ j d^i^g[r'daVdbV + QRv) , (2.15) 



Q-^/^. (2.16) 



The energy-momentum tensor T = —^d(pd(fi+ ^d'^ip derived from ( p.l5|) has leading short 
distance expansion T{z)T{w) ~ \c^;ou^mJ ('"^ - wY + . . where CLiou^me = 1 + SQ^. Note 
that if we substitute (|2.16|) into CLjouviHe and add an additional c = L> — 26 from the matter 
and ghost sectors, we find that the total conformal anomaly vanishes, 

Cmatter + CLiouv + Cghost = + (26 - D) - 26 = 

18 



(consistent with the required overaU conformal invariance). 

It remains to determine the coefficient c in (|2.11|) . We have since rescaled so we 



write instead e^'-^ and determine 7 by the requirement that the physical metric he g = g e''"^. 
Geometrically, this means that the area of the surface is represented by / d^^ \fge''^ . 7 
is thereby determined by the requirement that eP''^ behave as a (1,1) conformal field (so 
that the combination d^^e''"^ is conformally invariant). For the energy- momentum tensor 
mentioned after (|2.16| ) , the conformal weightS of eP''^ is 

A(e^^)=A(e^^) = -i7(7-Q) • (2-17) 
Requiring that A(e''"^) = A(e^'^) = 1 determines that 

Q = 2/7 + 7. (2.18) 
Using (|2.16| ) and solving for 7 then giveJi 



7 = (v/25^ - v^r^) = I - ^ v/Q^ . (2.19) 



For spacetime embedding dimension (i < 1, we find from ( |2.16| ) and ( |2.19| ) that Q and 
7 are both real (with 7 < Q/2). The D <1 domain is thus where the Liouville theory is 
well-defined and most easily interpreted. For D > 25, on the other hand, both 7 and Q are 
imaginary. To define a real physical metric g = e^^g, we need to Wick rotate (/? —if. 
(This changes the sign of the kinetic term for f. Precisely at D = 25 we can interpret 

= —lip as a free time coordinate. In other words, for a string naively embedded in 25 
fiat euclidean dimensions, the Liouville mode turns out to provide automatically a single 
timelike dimension, dynamically realizing a string embedded in 26 dimensional Minkowski 
spacetime. In general for L> > 25, we must have c^iouviWe ^ ^ ^^'^ kinetic term of the 
Liouville field changes sign. The conformal mode of the metric in Euclidean space is a 
"wrong sign" scalar field analogous to the conformal mode in four-dimensional Euclidean 



Recall that A is given by the leading term in the operator product expansion T{z) e''"^^"'^ ~ 
A e^*^/ {z — + • . • • Recall also that for a conventional energy-momentum tensor T = —^dipdip, 
the conformal weight of e*^''' is A = A = 

^ One method for choosing the root for 7 is to make contact with the classical limit of the 
Liouville action. Note that the effective coupling in ( |2.14 ) goes as (25 — D)~^ so the classical limit 



is given by D — > — 00. In this limit the above choice of root has the classical 7 — > behavior. We 
shall discuss this issue further in the next chapter. 
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quantum gravity |^ , so it would be useful to make sense of this case (if possible) . Finally, 
in the regime 1 < D < 25, 7 is complex, and Q is imaginary. As we shall see later in lurid 
detail, this problem is equivalent to the cosmological constant becoming a macroscopic 
state operator. Sadly, it is not yet known how to make sense of the Liouville approach for 
the regime of most physical interest. 

A useful critical exponent that can be calculated in this formalism is the string sus- 
ceptibility Fstr- We write the partition function for fixed area A as 

Z{A) = JvipVX S(^J(P^ v^e^^ - , (2.20) 

where for convenience we now group the ghost determinant and integration over moduli 
into VX. We define a string susceptibility Fstr by 

Z{A) ~ , A ^ 00 , (2.21) 

and determine Fstr by a simple scaling argument. (Note that for genus zero, we have 
Z{A) ~ A^^*"'"'^.) Under the shift Lp Lp + p/7 for p constant, the measure in (|2.20|) does 
not change. The change in the action ( p.l5|) comes from the term 

Substituting in (|2.20|) and using the Gauss-Bonnet formula ^ / d^^ VqR = x together 
with the identity S{Xx) = S{x)/\X\ gives Z{A) = q'^p^/'^^-p Z{e-P A). We may now 
choose qP = A, which results in 

Z{A) - A-'5x/27-i z{l) = ^(r.tr-2)x/2-i , 
and we confirm from (p.l6| ) and ( p.l9|) that 

Fstr = 2-^ = ^{D-l- ^{D - 25){D - 1) ) . (2.22) 

^ J. ^ 

In the nomenclature of ||2l|] , so-called "minimal conformal field theories" (those with a 
finite number of primary fields) are specified by a pair of relatively prime integers [p, q) and 
have central charge D = Cp^q = 1 — 6{p — q)'^/pq- The unitary discrete series, for example, 
is the subset specified by (p, q) = (m + 1, m). After coupling to gravity, the general (p, q) 
model has critical exponent Fstr = —2/{p + q — 1). Notice that Fstr = —1/m for the values 
D = 1 — 6/m(m -|- 1) ) of central charge in the unitary discrete series. (In general, the m}'^ 
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order multicritical point of the one-matrix model will turn out to describe the (2m — 1,2) 
model (in general non-unitary) coupled to gravity, so its critical exponent Fgtr = — 1/m 
happens to coincide with that of the m}^ member of the unitary discrete series coupled 
to gravity.) Notice also that ( 2.22 ) ceases to be sensible for L> > 1, an indication of a 



"barrier" at D = 1 that has already appeared and will reappear in various guises in what 
follows.! 

Dressed operators / dimensions of fields 

Now we wish to determine the effective dimension of fields after coupling to gravity. 
Suppose that $o is some spinless primary field in a conformal field theory with conformal 
weight Aq = A($o) = ^($o) before coupling to gravity. The gravitational "dressing" 
can be viewed as a form of wave function renormalization that allows $o to couple to 
gravity. The dressed operator $ = e"'^$o is required to have dimension (1,1) so that it 
can be integrated over the surface E without breaking conformal invariance. (This is the 
same argument used prior to ( |2.19| ) to determine 7). Recalling the formula ( |2.17| ) for the 
conformal weight of e""^, we find that a is determined by the condition 

Ao - la{a -Q) = l . (2.23) 

We may now associate a critical exponent A to the behavior of the one-point function 
of $ at fixed area A, 

1 /* S 

MA) ^ J V^VX e~ ^(/d^ev^e'^^-A) /d2^V^e-^$o~^'-^ ■ (2.24) 

This definition conforms to the standard convention that A < 1 corresponds to a relevant 
operator, A = 1 to a marginal operator, and A > 1 to an irrelevant operator (and in 
particular that relevant operators tend to dominate in the infrared, i.e. large area, limit). 



^ The "barrier" occurs when coupling gravity to -D = 1 matter in the language of non-critical 
string theory, or equivalently in the case of d = 2 target space dimensions in the language of 
critical string theory. So-called non-critical strings (i.e. whose conformal anomaly is compensated 
by a Liouville mode) in D dimensions can always be reinterpreted as critical strings in d = 
D + 1 dimensions, where the Liouville mode provides the additional (interacting) dimension. 
(The converse, however, is not true since it is not always possible to gauge-fix a critical string and 
artificially disentangle the Liouville mode (see e.g. [^).) 
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To determine A, we employ the same scaling argument that led to ( p.22|) . We shift 
^ + p/7 with e'' = A on the right hand side of (|2.24| ), to find 

/l-Qx/27-l+a/7 

where the additional factor of e^"/'*' = A""^^ comes from the e"'^ gravitational dressing of 
$0- The gravitational scaling dimension A defined in (|2.24D thus satisfies 



A = 1 - a/7 . 



(2.25) 



Solving ( |2.23| ) for a with the same branch used in ( |2.19| ), 



«-^Q-\/i<5'-2 + 2Ao 



(V25 - D - VI - D + 24Ao) 



(2.26) 



(for which a < (5/2, and a ^ as D — —00). Finally we substitute the above result for 
a and the value ( |2.19| ) for 7 into ( |2.25| ), and findB 



y/l - D + 24A^ - 

V25-D- ^fY^ 



^2.27) 



We can apply these results to the (p, q) minimal models ||2^ mentioned after ( |2.22|) . 
These have a set of operators labelled by two integers r, s (satisfying l<r<q' — 1, 1< 
s < p — 1) with bare conformal weights Aq = ((pr — qs)^ — {p — q)'^) /4:pq (we take p > q)- 
Coupled to gravity, these operators have dressed Liouville exponents 



ar,s _ p + q - \pr - qs\ 



l<r<q' — 1, 1 < s < p — 1 



(2.28) 



fnote also that c — 1 — iS— — ^ 

pq 





+ 



loie aiso lucii c = 1 — u 1 ~ \ l — 5 Q ~ \l ~~ \ i 

V pq \ P \ Q \ P 

in agreement with the weights determined from the (p, q) formalism (to be discussed in 
sections 7.4 and 7.7) for the generalized KdV hierarchy (see e.g. [p4| , |35[] ). 



We can also substitute a = 7(1 - A) from ( |2.25| ) into (|2.23D and use -^7(7 - Q) = 1 (from 
before ( p.l9| )) to rederive the result A — Aq = A(l — A)7^/2 for the difference between the "dressed 



weight" A and the bare weight Aq [33|. 
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3. Brief Review of the Liouville Theory 

In this chapter, we touch briefly on some of the highlights of Liouville theory from 
the viewpoint advocated in [[7|,P!7|,P|,PB| . For other points of view on the Liouville theory, 



see 



37,38], and the sequence of works [39|. The classical Liouville theory was extensively 
studied at the end of the nineteenth century in connection with the uniformization problem 
for Riemann surfaces. We will sketch some of this in sections 3.2, 3.10. 

3.1. Classical Liouville Theory 

We choose some reference metric ^ on a surface E. The Liouville theory is the theory 
of metrics on E, and the Liouville field cf) is defined by 

g = e^t'g. (3.1) 

The action is 

^Liouville = j d?z v/^(i-(V(/>)2 + §^m9)) + ^ld'z v^e^^ , (3.2) 

very similar to the background-charge theory (|1.14| ) with a pure imaginary background 
charge Q = 2iaQ. The interaction given by fu, (the "cosmo logical constant" term), while 
soft, will be seen to have profound effects on the theory. For the particular choice 

Q = 2/7 , (3.3) 



the action (|3.2|) defines a classical conformal field theory, invariant under the Weyl trans- 
formations 

g^e^Pg ^ _ 2p . (3.4) 

Remark: The linear shift in (p under a conformal transformation shows that (p can be 
interpreted as a Goldstone boson for broken Weyl invariance (broken by the choice of g). 

Exercise. Classical Liouville theory 

a) Using the transformation properties of the Ricci scalar in two dimensions, 

R[e'''g] = e-''{R[g]-\7'2p) , (3.5) 

compute the change in the action ( |3.2D under ( ^.4] ), and show that for Q = 2/7 the 
change is independent of (j) (so doesn't affect the classical equations of motion). 



b) Show that the classical equations of motion for (|3.2D may be expressed as 



R[g] = -^^x, (3.6) 

i.e. they describe a surface with constant negative curvature. (We take fi positive.) 
Using again ( p.5| ) (in the form R[g] = e — V'^jcpj , with (f) as in ( |3.1D ), note that 

is explicitly invariant under ( ^.41) . 
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The stress-energy tensor following from 
Feigin-Fuks form 

T.i = 



'2t:j^, takes the familiar 



(3.7) 



where we have used the equations of motion in the first line. 

Since (/> is a component of a metric, its transformation law under conformal transfor- 
mations z w = f{z), 

1 rli;) 2 

(3.8) 



+ -lo^ 

7 



dz 



is more complicated than that of an ordinary scalar field. In particular, the U{1) current 
dz(p measuring the Liouville momentum transforms as 



az az 7 



dw 



dz 



(3.9) 



and the stress tensor Tzz transforms as 



fdw\'^„ 1 



Vd;z/ 



T^w + -^S[w;z] . 



T 



(3.10) 



The object is called the "Schwartzian derivative" and has many equivalent defini- 

tions.! Combining ( p.7|) and ( p.9|) , we see that 



S[w;z] = -^(dzlog 



dw 



log 



dz 

dw 



2 d2 , 



dw 



dz 



w 



w' 



w 



w' 



dz 

2 



(3.11) 



The unusual transformation laws ( |3.y| ) and ( ^.10| ) have counterparts in the quantum theory, 
where they result in shifted formulae for conformal charges and weights in Liouville theory. 



It may be considered, for example, as the integrated version of the conformal anomaly, or it 
may be defined in terms of "projective connections." For a discussion of the latter concept see 

m- 
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3.2. Classical Uniformization 

The central theorem in classical Liouville theory is the uniformization theorem that 
characterizes Riemann surfaces. 

Uniformization Theorem: Every Riemann surface E is conformally equivalent to 

1) CP^, the Riemann sphere, or 

2) H, the Poincare upper half plane, or 

3) A quotient of if by a discrete subgroup F C 5'L(2,]R) acting as Mobius transforma- 
tions. 

The first proofs of the uniformization theorem were based on the existence of solutions 



to the classical field equations (|3.6D ; the standard proofs use potential theory and are 
nonconstructive (see ^^^). 

The upper half plane supports the standard solution of the Liouville equation, namely 
the Poincare metric: 

ds^ = e^'^|d;z|2 = 1— ^— |d;zP , (3.12) 
fx (Im^)^ 

a constant negative curvature solution to ( |3.6|) . This metric is invariant under the Mobius 
transformations 

QZ ~\~ h 

z — ^ , a, 6, c, (i G IR, ad — 6c = 1 (3.13) 

cz + a 

(i.e. the group PS'L(2,]R) = 5'L(2, IR)/Z2), and thus descends to a metric 

ds' = e^^ \dzf = ^^^^ , \dz\' (3.14) 

l^ [Aiz) - B{z)Y 

on the Riemann surface X = H/V for some locally defined (anti-)holomorphic functions 
A{z) [B{z)). In general, when we quotient H by the action of a discrete group F to define 
a space X = H/F, there is a natural projection n : H —>■ X and an "inverse" map 

f:X^H, (3.15) 

known as the "uniformizing map" . 

Exercise. Classical energy-momentum 

a) Evaluate the energy-momentum tensor for the Poincare metric and show that 
T,, = 0. 

b) Let f : X ^ H he the uniformizing map as in ( |3.15 ). Show that the solution 



( 3.141) to the field equations has energy- momentum 



T.. = ^S[f;z] , (3.16) 
7 



with S[f; z] as in ( |3.11 ). 
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Note that the uniformizing map ( |3.15| ) is not weU-defined. If we continue the values of 
/ from some coordinate patch around a nontrivial cycle, then / will change by the action 
of T G r. The nature of the surface near such a nontrivial curve depends on the nature of 
the conjugacy class of T, in turn classified by the value of the trace. There are three types 
of conjugacy classes in 5'L(2,1R): 

1) elliptic: |TrT| < 2 (T conjugate to (_^^°^^^ Z^)) , 

2) parabolic: |TrT| = 2 (T conjugate to (q ^)) , and 

3) hyperbohc: \TtT\ > 2 (T conjugate to (^°„t^ ttl)) ■ 

In cases 1,2), the nontrivial curve surrounds a puncture on the surface. In case 3), the 



curve surrounds a handle. See 17 for further discussion. 



Exercise. 

a) Show that the Schwartzian derivative is invariant under independent Mobius 
transformation of either z ox f . 

b) Show that although the uniformizing map is not globally defined, the energy- 



momentum ( 3.16 ) is nonetheless well-defined. 



3.3. Quantum Liouville Theory 

It is more subtle that the theory (^]^) is also a quantum conformal field theory. 

If fi were zero and (p were a free field, we would immediately conclude that T defines 
a Virasoro algebra with central charge c = 1 + 3(5^, that exponentials e"**^ have conformal 
weight — ia(a — Q), and that these operators create states \a) on which we could construct 
Feigin-Fuks modules.! Since (p is not a free field,ll2l we must be more careful. 

We proceed via canonical quantization, first passing from the complex ^-plane to 
cylindrical coordinates (t, a) via z = e*"*"*"^, and expanding 



(^(a, t) =Mi) + J2^ («-(^) + ^r^it) e^" 

(3.17) 

n(cT, t) = po(t) + 5^ — (a^(t) e-^"<^ + bnit) e^"'^) . 



^ A Feigin-Fuks module is a Fock space in which the Virasoro algebra is represented by an 
energy- momentum tensor such as ( ^.Tj) . 

We will see that the operator product of two exponentials is not given by the free field 
expression. 
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Here aj^ = a-n, bl^ = b-n, and we have the equal-time canonical commutation relations 



[an{t),bm{t)] =n5r, 



(3.18) 



The energy-momentum tensor in canonical variables takes the form (again using the equa- 
tions of motion) 



T+_ = 



±± ^ ^ 4 ^ ^ ^ 872 8 



(3.19) 



The additive factor of in the above arises from the Schwartzian derivative in the 

transformation properties (|3.10|) of T when mapping from the plane to the cylinder z 

In ||3^ , it was shown that the operators (|3.19| ) satisfy a Virasoro algebra if 



Q = - + 7 

7 



(3.20) 



(as we derived from another point of view in ( |2.18| )). Calculating the [T, T] commutator, 
one finds indeed a central charge 

c=l + 3Q^, (3.21) 
and calculating commutators with T shows that exponentials e"'^ have conformal weight 



A(e"<^) = -i(a-g/2)2 + g2 



(3.22) 



Note that if we impose the condition A(e"'^) + Aq = 1, to dress an operator with bare 
weight Aq, we rederive the KPZ equation ( |2.26| ). 

It is useful to have an intuitive understanding of eqns. (|3.20| - p72^ ). Note that by 



rescaling (p ^ "^(p '™ (|3.2|) , we identify 7 with the coupling constant of the theory. The 
semiclassical theory is thus defined by asymptotic expansion as 7 ^ 0. We see that 
( p.20|) is the quantum version of the classical condition ( p.3|) for conformal invariance. 
Similarly, (|3.21| ) consists of a classical part (oc oc 1/7^) already visible in the classical 
transformation law (|3.10|) , plus a quantum conformal anomaly (c = 1), familiar for a 
single scalar field. Finally, to understand (|3.22|) we note that the analog of in the full 
quantum theory is 

r\in r\ fJ r\in 

(3.23) 



~^ d7 dz "2 



dz 
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In particular, passing from the plane to the cylinder via the conformal transformation 
w = logz we have dz(p {d^(p — Q/^)/z, so the momentum "shifts" by Q/2. The vertex 
operators e"**^, inserted on the z-plane, create states with LiouviUe momentum given by 

ip^^a-^ . (3.24) 

(Note that "states" refer to quantization on the cylinder, and "LiouviUe momentum" refers 
to the zero mode Pq of H in ( p.l7|) .) We see that the first term in ( p.22| ) is simply ^p^. 



and the second term is the shift in the energy (relative to the Gaussian case) due to the 
"extra" central charge. 

The above formulae are valid for cosmological constant n > 0. It may seem curious 
that the quantum formulae for fi > are identical to those obtained for a free field, i.e. 
with cosmological constant fj, = in (|3.2|) . (N.B.: a translation of (f> cannot transform 
one case into the other.) Heuristically, we can understand this by noting that in the 
worldsheet ultraviolet, — — oo, the interaction term disappears: Quantities such as c 
and A, determined by the singular terms in operator product expansion, depend only on 
the ultraviolet behavior of the theory. 

3.4- Spectrum of LiouviUe Theory 

We now proceed to study the Hilbert space of the theory, all of whose subtleties lie 
in the zero modes (/>o(i), Po{t)- We can understand the physics of these degrees of freedom 
by studying the action (|3.2|) for field configurations independent of a, i.e., we study the 
LiouviUe quantum mechanics 

S= f dt((^2^4e^'^) ■ (3-25) 
The Hamiltonian Hq = ^ +2^--): after substituting ( ^.191 ), takes the form 
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Fig. 3: Particle wavefunctions in the exponential potential. 



The spectrum of Hq is easily understood. In the worldsheet ultraviolet, (pQ ~ — oo (i.e. 
at short physical distances), the potential disappears so that normalizable states behave 
like plane waves, i/j^ ~ smE(j}Q, with energy ^E^ + ^Q^. The exponential growth of the 
potential prevents the "particle" at (pQ from penetrating too far to the right, and hence 
gives total reflections of any incoming wave. Because of the total reflection property there 
is no distinction between states with +E and —E and we can therefore take E > 0. The 
wavefunctions look as in fig. 3. 

The circumference of the ID "universe" in physical units is measured by the quantity 

£ = e'^'^° . (3.27) 

Using £, it is moreover possible to give an exact description of the eigenstates of Hq in 
terms of Bessel functions. Changing variables to i, the eigenvalue equation Hqi(j^ = 
^ii?^ + iQ^jV'E becomes 

ai)' + "Af^ + f )^'-M = + (3.28) 

where fl = /u/(47^) and E = ^/SE/'j. We recognize (|3.28|) as the Bessel differential 
equation. Imposing the boundary condition that ifj decays for large universes, £ ^ oo, 
gives the eigenfunction 

i/je = sinhTiE K.^[2^t) , (3.29) 

where K is the modified Bessel function. We have chosen a 5-function normalization for 
the states, 

/■°° d£ 

-^E{i)^E,{€)=b{E-E') . (3.30) 
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Exercise. The wall analogy 

Show that the solutions t/'^; behave asymptotically for (pQ — > —oo as sin(|7£^0o + 
a(E')) , where 

a{E) = arg r(l + iE) = \ log + 

For intuitive purposes, it is useful to replace the exponentially growing Liouville poten- 
tial by an infinite hard wall. Where should this wall be located for energies of order 
El 

Now we proceed from the zero mode structure of the theory to construct the fuU 
field theory. Combining the above discussion on zero modes with canonical quantization, 
one expects ||3^ the Hilbert space (as a Vir © Vir representation space) of the LiouviUe 



conformal field theory to take the form 

/"OO 

71= i dE J^a(e)'S)Ta(e}- (3.31) 





Here JF is a Feigin-Fuks module with weight A{E) = ^E"^ + |(5^ and central charge 
c = 1 + 3Q^. Our notation on the r.h.s. of ( p.31|) is meant to indicate a direct integral of 
Hilbert spaces |^^. Each Feigin-Fuks module is generated by adding oscillator excitations 
to some primary state. As usual, this structure may be understood heuristically since in 
the worldsheet ultraviolet {(p ~^ —oo) the theory becomes free. 

In a conventional conformal field theory we are able to associate each state in the 
Hilbert space to an operator, and then determine the operator algebra of the theory. How 



do we construct the vertex operators that create states in the space (|3.31|) ? According to 



( ^.24| ) , we might expect the primary fields of Liouville momentum p,=Eto have quantum 



vertex operators 

Ve{z, z) = e"^ = e'^^ e^^^ . (3.32) 

At this point, however, we begin to encounter some of the confusing subtleties of Liouville 
theory cum quantum gravity, as first emphasized in [^|[ : the operators ( p.32| ) by no means 
encompass all of the quantities of interest in the theory. For example, a natural quantity 
in quantum gravity is the "volume of the universe," 

[ e^^v^, (3.33) 



given by integrating the area operator e'^^. But comparing with (|3.32| ), we see that this 
operator has imaginary momentum and cannot correspond to a normalizable state (in 
the sense of (|3.30D ). To obtain some insight into this puzzling observation, we return to 
examine the semiclassical theory. 
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3.5. Semiclassical States 



The semiclassical approximation is an important source of intuition for understanding 
Liouville theory. Classical Liouville theory describes the geometry of negatively curved 
surfaces (eq. (|3.6|)). Earlier, we identified 7 with the coupling constant of the theory (by 
rescaling (p —>■ (p/'j), so the semiclassical limit is defined by 7 ^ asymptotics. In this 
limit, we expect the above quantum states to correspond to specific constant curvature 
surfaces, and this has been verified in detail [[7|,p!7[|. Briefiy, the a-independent metric 

e-^^^'Hdt' + da') = -^^{dt' + da') —<t< i!^±^ (3.34a) 

(where z = e*"*"*"^ and £ is a real number), is a solution to the Liouville equation (|3.6|) that 
looks something like 



hyperbolic: 




(3.346) 



Exercise. Classical field energy 



Use the energy momentum tensor (3.7) to show that the Liouville field configuration 



( 3.34 ) has classical energy |(£^/7^) + 

Recalling that the quantum state xp^ of ( p. 28 ) has energy ^E^ + ^Q^ , this classical 



field energy allows us to identify (|3.34D as the semiclassical picture of the quantum state 
xjj^ for E = e/'y. 



As noted in sec. \3.^ , there are three kinds of local behavior of a solution to the 
classical Liouville equation, classified by the monodromy properties of A, B in ( |3.14| ). In 
the solution ( |3.34q| ) above, we have A = z"^^ = B, thus giving an example of a hyperbolic 
class. From the semiclassical point of view, we are naturally led to ask what quantum 
states correspond to the other two classes, namely the elliptic and parabolic solutions. 
These are given respectively by 

,2 

■{dt' + da') t<0 

(3.35a) 

t <0 . 



e^*(dt^ + d(j^ 
e^^(dt2 +da^ 



fJ- sinh (ut) 



--r{dt^ + da' 
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Here u is a real number. An important feature of the solutions ( 3.35a ) is their equivalence 
for both ±u. These solutions look something like 



elliptic, parabolic: 



(3.356) 

and have energy — |(j^^/7^) + |<5^- Quantum mechanically, according to (|3.28| , p.29|) they 
therefore correspond to states with imaginary momentum E = iu/'j. The corresponding 
wavefunctions are of type Kjy{t), v real. These wavefunctions blow up (as at short 

distances £ — > and consequently might appear unphysical. On the contrary, as we saw at 
the end of the previous section, operators corresponding to imaginary momentum states, 
including for example the volume of the universe, appear quite naturally in 2D quantum 
gravity and play an important role. 

The distinction between normalizable and non-normalizable states in Liouville theory, 
and the necessity to include the non-normalizable states in the theory, was first emphasized 
by Seiberg in 0. Motivated by the geometries illustrated above, the normalizable states 
were labelled "macroscopic states," and the non-normalizable states were labelled "micro- 
scopic states" . Semiclassically, the macroscopic states do not have a well-defined insertion 
point in the intrinsic geometry of the surface. The microscopic states, on the other hand, 
correspond semiclassically to the elliptic geometry pictured in ( |3.35fc| ), and thus to local 
operators — the operator insertion in this case is localized at the tip of the "funnel." We 
discuss these issues further in sec. below. 

Exercise. Curvature Sources 

a) Use the exponential map z = e*^*'^ to transform the solutions ( 3.35 ) to the 



z-plane: 

/i (1 - lyzzYY zz 



b) Show that the field 4> solves the Liouville equation with source, 

J_A^ - -^e-* + ^-^5^'\z) = , (3.37) 
47r 87r7 7 

i.e., such solutions have a source of curvature at z = 0. 
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c) Show that the solution corresponds to the choice of functions (in ( p.l4| )): 

d) Show that the monodromy when z circles around the puncture is the real elliptic 
Mobius transformation 

sin 7TUA{Z) + cos TTV 

e) Show that a straight line through z = is conformally mapped into an angle 
TTV, and hence we must have > on geometric grounds. 

f) Repeat the above for the hyperbolic and parabolic cases. 

3.6. Seiberg bound 



Classically, the metrics ( p.34| , |3.35|) are invariant under u —u, E — > —E. Quantum 



mechanically, the Vk^avefunctions i^Tj,, KiE share this invariance, due to the total reflection 
property of the Liouville "wall." Turning on the wall by setting ^ > effectively halves 
the states that exist in the {fx = 0) free spectrum. 

In the DDK/KPZ formalism described in chapt. 0, on the other hand, the choice of 
root in the KPZ formula ( p.27|) affects the scaling properties of the operator e"*^ $o- Since 
the Liouville interaction truncates the spectrum by half, we must choose a root. In 
it is argued that only those operators with 

a < iQ (3.40) 

can exist. This choice of root has many distinguishing properties, some of which will be 
noted in later sections: 

1) This root gives a smooth semiclassical limit in quantum gravity, as we saw in sec. 

2) The area element is integrable only for sources satisfying (|3.4C1| ) . A related fact in terms 



of deflcit angles has appeared in part (e) in the exercise above (following ( |3.39D ). 

3) As we will see in the penultimate paragraph of sec. 4-3, the Wheeler-DeWitt wave- 
function for a local operator in quantum gravity, related to the vertex operator V{(p) 
by tp{(j)) = e~^'^'^ ^(^)? must be concentrated on £ — >■ 0, that is, where (j) — oo. 

4) A closely related question is the nature of gravitational dressing (see sec. ^.^j. Only 



with the choice of root ( p.40|) do gravitationally dressed relevant /irrelevant operators 



grow/decay in the worldsheet infrared. 
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5) As will be seen in sec. 5.4 below, the bound ( 3.40 ) has the following spacetime in- 
terpretation: When scattering in a left half-space, incomers must be rightmovers and 
outgoers must be leftmovers. 

In addition, there is circumstantial evidence that ( |3.4C1| ) is correct: 
1) In the matrix model, we will see that only scaling operators with scaling corresponding 
to a < Q/2 appear. 



2) In the semiclassical calculations of [^^, there are difficulties constructing correlation 
functions of "wrong branch" operators. 

3) In the 5'L(2,1R) quantum group approach pursued by Gervais and others, inverse 
powers of the metric e~^^'^, 2j G are easily constructed, while the positive powers 
have thus far eluded construction. 

The above reasoning is qualitative. While the Seiberg bound (|3.4C1| ) is undoubtedly correct, 
a precise mathematical understanding of the statement would be useful. 

fA common confusion 
There are two distinct novelties in the description of the Hilbert space of Liouville 
theory: (1) Vertex operators with a > do not exist. (2) States with real momentum 
= E, which formally correspond to vertex operators with a = + iE, do not have a 
correspondence with local operators. These two distinct points are often confused in the 
literature. There is no (obvious) connection between the Seiberg bound, which specifies 
the operators that exist, and the difficulty of localizing operators that correspond to states 
\E) of energy IE"^ + . 

fAn unresolved confusion 
There is some confusion in the literature as to whether the states \E) have a corre- 
spondence with vertex operators Ve = e^^^e^^'^. Although the semiclassical pictures of 
states (e.g. ( |3.346| )) makes any correspondence with local operators seem unlikely 0, we 
shall find these operators necessary to formulate our scattering theory in two Minkowskian 
dimensions. This problem is closely linked to the problem of time in string theory. 

Exercise. Seiberg bound and semiclassical limits 

Consider the minimal conformal field theories labelled by (2, 2m, — 1) in the BPZ 
classification, as mentioned after ( ^.22| ). Show that 7 = 2/\/2m — 1 so that as m ^ 00 



the semiclassical approximation becomes valid. Note that the root chosen in sec. 2.^ on 



the basis of the semiclassical limit coincides with that dictated by the bound ( 3.40 ). 
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3. 7. Semidassical Amplitudes 

In the semidassical approximation, we evaluate the amplitudes 

i i 

via the saddle point approximation by first solving the classical equation 

J_ A(/> - e^'^ + V a. 5^') {z-Zi)=Q. (3.42) 
47r o7r7 ^ — ' 

Integrating ( |3.42|) over the surface E we find, since > 0, that a necessary condition for 
the existence of a solution is 



1 1 

-(^-(2-2/1) -^tti) < . (3.43) 



Exercise. 

Derive ( |3.43 ) using the Gauss-Bonnet theorem, j -^R^ = x = 2 — 2h. 



The particular combination 

Q ^ a 



-^X-E^. (3-44) 



known as the KPZ exponent [^, plays an important role in the theory. Equation ( |3.43| ) 



says that the semidassical KPZ exponent (Q — * 2/7) is negative. 

When s < 0, there is indeed a solution to (|3.42|) , and we can expand around it to 



evaluate (|3.41| ). Near z = Zi, it follows from ( |3.42| ) that 

(^ci ~ -tti log 1-2 - (3.45) 
for ai < 1/7. For a = I/7 we have instead 

(/>,i~--(log|^-;2,|2 + 21oglog^^) . (3.46) 

7 V \z-Zi\J 

In either case, to write the semidassical amplitudes we must excise disks B{r, Zi) around 
Zi of radius r (in the g metric), and define the regularized action0 

S[cj^,,] = lim ( / C- 5^( A. + A,) log r) (3.47) 



The need for these subtractions reflects the need for renormahzation of the vertex operators 

0- 
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where Aj is the conformal weight of e"'^'^. In terms of 5', the leading 7 — > asymptotics of 
the correlator are given by 

JJe"^'^^^^)^ -e-^!-^-'] . (3.48) 

There are also cases of interest with s > 0, notably, for genus zero correlators of vertex 
operators with small total "Liouville charge" Y^cxi. In these cases, as described in [0, we 
can still perform semiclassical calculations by fixing the total area of the surface: we insert 
d{f — A) into the path integral to ensure that ( |3.42| ) has a solution. We obtain the 
A dependence of fixed area correlators by a scaling argument (similar to that used before 
(|3|) and (|]25D): shifting ^ + i log A gives 



with s as in ( |3.44| ). To Laplace transform to fixed cosmological constant, we integrate 

' (\A 

The UV divergence as A ^ for s > (reflecting the absence of a classical solution 
without the area constraint) plays an important role in speculations on the relation of free 
field theory to the Liouville theory described in sections 3.9, 14-2, 14-3 below. 

Using ( |3.49| ), the problem of calculating correlators is reduced to the case A = 1. The 
semiclassical formulae for genus zero correlators are obtained by averaging over the space 
of classical solutions. These solutions are obtained for s > by applying complex Mobius 
transformations from the standard round-sphere metric 

ds^ = e^^ |dzp = - , (3.51) 

(which, unlike (P^), has positive curvature R = The result is 



(3.52) 



(|Az, + «;|2 + A-2) 



2ai/7 



where in the second line we have parametrized S'L(2,C) elements by a unitary matrix times 
an upper triangular matrix, and we have dropped the volume of SU{2). See for more 
details. 
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Semidassical Seiberg Bound 

The semidassical approach provides a key insight into the Seiberg bound (|3.40| ). Con- 
sider the classical equation (|3.42| ) in the neighborhood of a vertex operator insertion. // 
we neglect the cosmological constant term, the solution must behave as in ( p.45|) . To check 
if this is self- consistent, we insert (|3.45|) back into (|3.42|) and note that the neglected term 
behaves as 

e^"^ ~ 1 ^ . (3.53) 

If > 1, the cosmological constant operator is not integrable at z = and we expect 
trouble. Indeed, the careful considerations leading to the classification of solutions in 
sec. (following eq. (|3.16D ) show that there is no solution for > I/7 ~ Q/2. The 
essential point is that too much curvature cannot be localized at a single point. 

Here are two examples of semidassical correlators: 
Example 1: Consider the three-point function on the sphere, 

{e'''f'/^zi,zi) e'^'^/^(^2, Z2) e'^'^/^zs, zs)) , (3.54) 

where 9i < 1 are considered to be 0{1) as 7 — and J2i 6'i > 2, so s < 0. The classical 
solution is known in this case and is Mobius invariant. It follows immediately from ( |3.47| ) 
and the transformation properties of circles under Mobius transformations that 

{e'^'^/^z^rzi)e'^^/^z,rz2)e'^^/^{zsrz3)) - , ^ ^/'^ ^ ,2 , (3-55) 

^ ' Ly^l23 ^^132 ^A231 ^ 

I ^12 ^13 ^23 I 

where A123 = Ai + A2 — A3, etc. The coefficient function C is generically nonzero. Sadly, 
this example cannot be extended to higher point functions because the classical solutions 
to Liouville theory are not known in explicit form, except in special cases which have the 
punctures symmetrically located . 



Example 2: Consider now the three-point function on the sphere, but with s > so we 
must fix the area. Using the Mobius invariance of ( |3.52| ) gives 



(e-^(z„.,)e-n^2,.2)e-n.3,.3)>r., - ^ ^A...^ .... 



1^12 ^13 ^23 



^ TT T{ji - j2 - js) r(i2 - js - ji) r(j3 - ji - 32) p. ■ _ . _ . 
4 r(-2ji)r(-2j2)r(-2j3) k 31 n j , 
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where jk = —0^/7. Strictly speaking, the integrals above converge only for ranges of jk 
for which the arguments of all the F-functions in ( |3.56| ) are positive. As in ordinary string 
theory, we define the amplitude at other values of j by analytic continuation. 
Remarks: 

1) The formula (|3.52| ) has an interesting group-theoretical meaning. Defining j = —a/7, 
the field e°"^ transforms under S'L(2,C) in the (j, j) representation of 5'L(2,C), hence 
the suggestive notation. Group theoretically, the integral ( |3.55| ) computes the overlap 



between a product of vectors in infinite-dimensional highest weight representations 
and the trivial representation. 

2) Analytically continuing to pure imaginary values, and taking the limit J3 0, gives 
the two-point function 

{e-^^Hz^,zi)e-^^Hz2,Z2)) = --^TT^ S{n ~ j^) , (3.57) 

4 Zji + L 1^121^ 

obtained in ^ by analytic continuation of the integration over the dilation subgroup 
C S'L(2,C). For a further discussion of the subtleties of one- and two-point 
functions, and their relations to the regularized volumes of M*^ and 5'L(2,C), see 
0.0 

3) Note that fields with j G generically decouple. If all three fields satisfy j E 
then we recover the SU{2) fusion rules. 

4) The two above examples make it clear that the Liouville correlators are entirely dif- 
ferent from the correlators of a Coulomb gas with a charge at infinity. In particular, 
there is no Liouville charge conservation. 

5) It is very unusual to have short distance singularities in the correlators of the classical 
theory as we do in (|3.56|) and ( p.57|) . This is due to the average over the noncompact 



group S'L(2,C), so we see again that the geometrical origin of the Liouville field 
distinguishes it from an ordinary scalar field. Note that for the n > 4 -point functions, 
the operator products are typically smooth in the semiclassical correlator. 
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That Liouville two-point functions are diagonal in Liouville charges might have important 



implications for the implementation of string field theory identities [44|. 
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3.8. Operator Products in Liouville Theory 

The existence of the Seiberg bound ( |3.4C1|) dictates that the operator product expansion 
in LiouviUe theory wiU be rather different from that in free field theory. Indeed it is not 
clear that the notion of the operator product expansion is the correct language to use when 
discussing Liouville correlators. Already in the semiclassical theory, we shall see that the 
putative short distance behavior of correlators depends on global properties of the surface 
and the "operator product expansion" appears to be nonlocal 




Fig. 4: Left: Insertion of operators e"*" and e^''' in a surface with boundary. Right: 
the same operation on a higher genus surface. 

Consider the state arising from the insertion of two vertex operators e""^ and e^^ on 
a surface with boundary C as in the l.h.s. diagram of fig. 4, or, more generally, on a higher 
genus surface as in the r.h.s. diagram of fig. 4. In the semiclassical approximation, the 
state created by the surface on the boundary C has a wavefunction that depends on the 
zero-mode (pQ of (p as 

iPicPo) ~ e"'^"+^'^o-^'5^'^o , (3.58) 

where x = 1 — 2/i is the Euler character for the surface (with a single boundary). If 
a + (3 < ^QXj then the wavefunction ( |3.58|) is a real exponential diverging at (pQ — oo 
(short distance). Then we may expect to replace the holes in the diagrams in fig. 4 each 
by a sum of local ("microscopic") operators, as in ordinary conformal field theory. Note 
that since the three-point functions are generically nonzero, we would naively expect a 
disastrous sum over operators with conformal dimensions unbounded from below. 

If a + (3 > \QXi oil the other hand, then the state is normalizable and we certainly 
cannot expand it in an operator product expansion of local operators. Instead the state 
must be expanded in the normalizable macroscopic state operators. Thus, by sewing, the 
surface amplitude must have the form 

poo 

Jo 
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where |E) is a state created by the rest of the surface (as is standard in discussions of 
the "operator formahsm" pl|^23[]). If we interpret the integral in ( |3.59| ) as an OPE over 
macroscopic vertex operators Ve, then since we sum over operators with weights A > 
(5^/8, we see that the OPE is much softer than in ordinary CFT. This disciission can be 
generahzed. 

The essential message is that while we may insert microscopic operators on a surface we 
should only do so "externally." We must factorize on macroscopic states. The factorization 
on macroscopic states also ameliorates the disastrous sum noted above ior a + (3 < \Qx- 

The essentially non-free field nature of the operator product expansion in Liouville 
theory accounts for some unusual properties of the theory. As one example, note that 
since the Liouville theory is conformal for all > 0, the cosmological constant e^"^ is 
an exactly marginal operator. This appears to conflict with the fact that its n-point 
correlation functions are nonvanishing, since the standard obstruction to exact marginality 
is the existence of a "potential" for such couplings. However, the standard discussion of 
the obstruction to exact marginality does not apply because of the strange nature of the 
operator product expansion. In later sections on string theory (sec. 5.6) we will see that 
the unusual OPE of Liouville also has important consequences for the finiteness of the 
theory and for the existence of an infinite dimensional space of background deformations. 



3.9. Liouville Correlators from Analytic Continuation 



In the past two years there has been very interesting progress in understanding Liou- 
ville correlation functions via "analytic continuation in the number of operators." The first 



step in the calculation of continuum correlators was provided in |^^, where the free field 
formulation by zero mode integration of the Liouville field was established. The essential 
idea is to treat the Liouville path integral measure as a free field measure and separate out 

- (j)Q + (j), SO that [d(/)] = [d^] d^Q. The integral over the zero mode is 



a zero-mode via 



-Qx<^o/2-Be' 



T</>n 



1 

7 



7 



a, 



B 



Sttc 



(3.60) 



,70 



In references p6|-^, it is proposed that when s G (so there is no negative curvature 
solution) the cj) integral can be done using free field techniques. One then obtains a class 
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of amplitudes as "functions of s," manipulates the s-dependence to reside solely in the ar- 
guments of F-functions (through factorials) and then "analytically continues" to all values 
of s using r(x + 1) as an analytic continuation of xl . 

This curious procedure has scored many impressive successes. In particular the 
incorporation of the Liouville mode was shown to cancel the ghastly assemblage of F- 
functions familiar from the conformal field theory result and reproduce the relatively simple 
matrix model result for many continuum correlation functions. Additional genus zero 
correlation functions for D < 1 were computed in [HS|. The genus one partition function 



for the AD series was calculated via KdV methods in [^O], and was confirmed from the 
continuum Liouville approach in ||51|| . 

Attempts to justify the technique on physical grounds are based on arguments that 
for s G the coefficient of log/x in the correlation function is dominated by the regions 
where (p ~^ — oo (short distance). In these regions the Liouville interaction is small and the 
theory can be treated as free field theory. See for more detailed discussion. Another 
justification, using the quantum group approach to Liouville theory, has been proposed in 



Nevertheless, these results remain to be better understood. The proper and complete 
calculation of correlation functions in Liouville theory remains the most important open 
problem in the subject. 

3.10. Quantum Uniformization 

The most ambitious approach to the evaluation of Liouville correlators proceeds by 
attempting to generalize the original uniformization program of Klein and Poincare (de- 
scribed in sec. to quantum field theory. This program was one of the central motiva- 



tions that led Belavin, Polyakov, and Zamolodchikov to the study of the minimal models 
of conformal field theory Elf]. This program has also been pursued in a series of papers 



by Gervais and collaborators [|3^,0 using the operator formalism. In this section we shall 
try to clarify the relation of the original uniformization program to the quantum Liouville 
theory, and in particular elucidate the role played by what we now interpret as quantum 
Liouville correlators. 

We begin by recalling the classical theory of Poincare ||5^ .0 We restrict attention to 
the n-punctured sphere X = C — {zi, . . . Zn}- Let us try to solve the classical Liouville 
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We do not adhere here to the historical development. 
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equation with sources, ( |3.42| ). We set 6i = 70^ and consider the case with 57^ = 2 — ^ 6*1 < 
0. The metric e''"'^|d2p on X will be obtained as a puUback of the Poincare metric on the 



unit disk 

,2 





dw 


2 


(1- 




w 


2^2 



= — I lo^o , (3.61) 



via a uniformization map w = f{z), where f : X ^ D. (The metric ( |3.61|) is related to 
the metric ( |3.12| ) on the upper half plane via the Cayley map w = {z — i) / {z + i) from the 
upper half plane to the disk.) 

The main observation is that f{z) can be obtained as a ratio of solutions of a linear 
differential equation of Fuchsian type (i.e. having only regular singular points). To see 
this, recall the result (|3.16| ), 

T{z)idz)' = ^S[f{zy,z]{dz)\ (3.62) 

where S is the Schwartzian derivative. T{z) is analytic and has second order poles at the 
sources of curvature so we may write a partial fraction decomposition, 

..4r(.)^^(^ + -i^), (3.63) 

where 

h, = ^{l-{l-e,f) , (3.64) 

and the Ci are constants known as accessory parameters. 

In order to find the map /, one might first turn to solve the nonlinear differential 
equation 

S[f;z] = 2uj^{z) . (3.65) 
This problem may be linearized by considering the Fuchsian differential equation 



dz^ 



+ ujxy = (3.66) 



since, if yi, 1/2 are any two linearly independent solutions of ( |3.66| ) then f{z) = yi/y2 
satisfies ( pi. 65] ). 



Exercise. 

Check ( p.65| ) for / = yi/y2- Note that the transformation properties of S[f;z] 
under the Mobius group insure that we can take any two solutions yi, 2/2- 
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The differential equation ( |3.66| ) has regular singular points at 2; = 2;^, so if ^ is contin- 
ued around Zi the solutions y^, 1/2 will have monodromy 



Mil Vi + M12 2/2 

(3.67) 

2/2 M21 yi + M22 2/2 . 

inducing a Mobius transformation on /. Thus, ii X = D /T where D is the Poincare disk 
and r is a discrete subgroup of SU {1,1) /'K2 = PS'L(2,IR), then there exist 1/1,1/2 such 
that f : X D is a. multivalued mapping, inverting locally the projection D ^ X. The 
different values of f{z) are obtained by applying Mobius transformations in F. Thus the 
n-punctured sphere X and its accompanying uniformization map / have led to a Fuchsian 
differential equation ( |3.66| ) with the property that the monodromy around regular singular 
points forms a discrete subgroup F C SU{1, l)/22. 

Klein and Poincare tried to show the converse of the above chain of logic. Namely, 
if the parameters Ci in ( |3.63|) are appropriately chosen, then the monodromy group of the 
differential equation (|3.66| ) would be a discrete subgroup F of SU(1,1), and / = 2/1/2/2 
could be normalized so that the images of f{X) under F tesselate D. (In general the Ci 
have to be highly non-trivial functions of the Zi and hi to result in discrete monodromy 
and hence in reasonable surfaces X = D /T.) By suitable choice of the q, in principle any 
surface X could be obtained. This original approach to uniformization foundered on the 
inability to calculate, or even show existence of, appropriate parameters c^. As we shall 
see, Klein and Poincare got stuck on the problem of computing Liouville correlators. 

In the cases where / is a uniformizing map, we may obtain a solution to the Liouville 
equation simply by pulling back the Poincare metric, 

which yields 

e-*^^ = ^(ll/2p-|l/iP) , (3.69) 

where the constant C is the Wronskian of 2/1, 2/2- Note that although 2/1 5 2/2 have mon- 
odromy (I3.67D , e"^")^"^ is single- valued. Finally, we combine ( p.62| , |3.63| , p.66| , |3.69[) to obtain 



the important result 

a^e-^T-^-f ^T(2)e-^T"^ = . (3.70) 

2 
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Exercise. 

Show that ( ^J0|) is an identity by working out the second derivative of the expo- 
nential and using the formula for T in terms of <j). 



Example: The triangle functions. 

The uniformization of the three- punctured sphere is explicitly known [^|. In this 
case, ( |3.66| ) has three regular singular points and can therefore be transformed to the 
Gauss hypergeometric equation. The mapping is given by 

/W=iV^, (3.71a) 

where 

^2(x)=xl-^i2i^l(2-i(^l+^2+^3), 1 + ^(-^1+^2 -^3); 2-^1; X) 
•^l(x)=2i^l(l + |(^l-^2-^3), 1(^1+^2-^3); ^1; X) 

z- Z2 Z31 r(l - y) 



Fig. 5: A tesselation of the Poincare disk: A copy of an adjacent white and black 
triangle maps to the thrice-punctured sphere. The images of the triangles under 
the monodromy group of the associated Fuchsian differential equation tesselate the 
Poincare disk. 
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The mapping ( |3.71|) carries a circle through the points ^i, ^3 to a curvihnear triangle 
in D with opening angles 7r(l — 6i). Note the geometrical conditions 



e^ < 1 



(3.72) 



since the opening angles are > (recall eqs. ( |3.36H3739D ), and 



^1 + 6'2 + 6'3 - 2 > 



(3.73) 



since a hyperbolic triangle must have its sum of interior angles less than or equal to ix. If 
the 9i are reciprocals of integers, then the triangles tesselate the disk D as in fig. 5. 

Finally we write the classical answer for the monodromy-invariant solution to ( |3.70|) . 
Combining and (|3Jl| ) we obtain 



Z- Z2 231 



2 (l-^i)|iV 



z — Z21 
2\T \2 



Z - Zi Z32 



Z — Z2 Zsi 



[z - 23)^221 



2^31^23 



(3.74) 



Using the transformation properties of hypergeometric functions and identities on F- 
functions, it can be shown that ( |3.74| ) is fully symmetric in (zi, 61), (22, 6*2), and (^3, 6*3). 

We now interpret the above equations in terms of conformal field theory. The vertex 
operator \1/ = e~^T'^ j^as conformal weight A = "~^~|7^- The central charge is c = 1+3(5^ 
and therefore we have 



A=^(c-5 + v/(c-l)(c-25) 



(3.75) 



It immediately follows, as discussed in ||2^ (see also [^), that (-^^1 — |A) is 

a singular vector in the Verma module built on |A), and therefore 



: Tiz) e-2 



h't> 



(3.76) 



is a null field (where we use conformal normal-ordering in the second term). Now, if the 
null field decouples in correlation functions,^ we may put 



{dle-'^^^ + \T{z)e-'^^^) X[e'^^/'^{z,rz^)) = • 



(3.77) 



14 



The Liouville theory is sufficiently subtle that this is an open question. 
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In view of these observations, the classical uniformization theory takes on new mean- 
ing: the classical solution in the presence of sources e~^''''^<=i corresponds to the semi classical 
correlator {e~'^''^ Y[^~'^)s.c.- The classical equation ( p.70| ) is the null-vector decoupling 
equation, while (|3.69| ) becomes the decomposition of the correlation function into "confor- 
mal blocks" 2/1,2/2- These blocks are assembled into monodromy-invariant combinations. 
The geometrical conditions (p.72| ) and ( p.73|) become respectively the Seiberg bound and 
the condition for the existence of a classical solution. Finally, the partial fraction decompo- 
sition ( |3.63| ) is the familiar Ward identity for the insertion of an energy-momentum tensor 
in a correlator of primary fields: 



(3.78) 



In particular, the accessory parameters Ci are given by 

d 



(3.79) 



When combined with ( |3.48D , this last formula for the accessory parameters makes sense 
independently of the existence of a quantum Liouville theory and has been rigorously 
proven recently by Takhtadjan and Zograf [p8| . 

fSome four-point functions. 
Let us assume that the null- field decouples as in ( |3.77| ). Then, it follows directly 
from the 5'L(2,C) Ward identities that ( |3.77|) reduces to an ODE related to Riemann's 
differential equation (as in ||2ll]). A straightforward calculation shows that 



1=1 



e T 



\z,,Zi)J = (^) 



1 



~Ai23 ^Ai32 A231 1—2 

^12 ^13 ^23 I 



Z- Z2 Zsi It's! 2 - zi Z32 



z — Z3 Z21 I \ Z — Z2 Zsi 



4^ (l-^i)liV, 

{Z - Z3fz21 [Z - Z^f{z - Z2)\Z - Z^f 



2^31^23 



^21^31^23 



(3.80) 



|^l(x)|2-iV2|^2(x)'2 
Plix) = 2F1 (l + i(^l -k- Os), +02- 6*3); ^1; X) 

:F2{x) = x^-'^ 2F1 (2 - 1(^1+^2 + ^3), 1 + ^(-^1 + ^2 - ^3); 2 - 9i; x) 



where the quantum and classical expressions are related by the simple shift 9 = 9 — 
^7^. Of course, conformal invariance only determines the correlator up to an overall 
function ^(^1,^2,^3) which is totally symmetric in the 9i. The prefactor ((1 — ^i)|iV|) 
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in ( p.80 ) is obtained by comparing with the semi classical answer ( p. 74 ), where the overall 
normalization is determined. Since the rest of the terms in the expression satisfy the 
substitution rule 9^9 relating classical and quantum expressions, it is a fair guess that 
the prefactor ((1 - ^i)|iV|)"^ in {^^) is exact. 

The fully quantum correlator ( |3.80| ) is a new result. As opposed to the matrix model 
results we will describe in later chapters, ( p.80|) gives the Liouville correlator as a function 
of the moduli of the 4-punctured sphere — if properly understood, ( p.80|) could be inte- 
grated over the positions of the punctures to derive the (already automatically integrated) 
matrix model results for pure gravity. The correlator ( |3.8C1|) has many strange properties 
possibly illustrating the strange nature of the OPE in Liouville theory. Of particular note 
is the case where some of the operators saturate the Seiberg bound a = Q/2, which, clas- 
sically, corresponds to sources producing triangles with corner angle = 0. For example, 
if all three = Q/2 then the prefactor in (|3.80|) develops a pole and the difference of 
hypergeometric functions vanishes. A short calculation shows that the limit ai ^ Q/2 is 
smooth and 



n 



Zi , Zi 



-3Q/27 1 A123 „Ai32 ^Aasi 
1^12 ^13 ^23 



{z - zi){z - Z3) 



zi - 23 



[Z-Z^){Z~Z2Y/H 



^23 



1 1/4 



(3.81) 



•TT Ffl 



.1/4 3/4 
'31 ^21 

x)F{x) -fF(x)F(l - x] 



where F{x) = F{}, i; 1, x) is an elliptic integral of the first kind. In particular, F has 
logarithmic singularities F{x) ~ ^^og{Y^) as x ^ 1~, resulting in logarithmic short- 
distance singularities in the correlator ( |3.81| ).Ei 
Remarks: 

1) The formula ( |3.8C1| ) probably only applies when s < 0, otherwise there are paradoxes. 

2) The operator e~^^'^ is by no means the only null vector in the Liouville theory. Using 



the Kac determinant formula, one may ask for the set of all operators e"^ 
which weights A = Ap^q{c) where p,q > 1 are integer. The result is 

■ Up ^ ' 



1) + -(q-1) 

T 



In principle this allows one to extend the above example to an infinite set of correlators. 



15 



It is sometimes suggested in the literature that the subleading logarithms indicate that the 
correct vertex operator is 0e^'^^^^'^ = -§^Q°"^\a=Q/2, with the derivative corresponding to the 
hmiting procedure needed above. 
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3.11. Surfaces with boundaries 

The final method for extracting LiouviUe correlators, and the one which is most closely 
connected to matrix model methods, is the computation of macroscopic loop amplitudes. 
These are amplitudes in Liouville theory for manifolds with boundary, for which the Liou- 
viUe action picks up the extra boundary contribution 

^^^Buik + ^/ ds(Pk + -^f dse^^^ , (3.82) 

where k is the extrinsic curvature of the boundary, ds is the reference line element, and p 
is the boundary cosmological constant. 

We have a well-defined variational principle if we choose Dirichlet boundary conditions 
{S(p\gj: =0), or Neumann boundary conditions: 

^ + k+ ^e^- = , (3.83) 
on 2 

where the first term is the normal derivative. 

Just as we can introduce amplitudes at fixed area using the operator (|3.33| ), when using 
Neumann boundary conditions we can introduce amplitudes at fixed length by introducing 
the length operator of a boundary loop C, given by 

dse^^"^ . (3.84) 



c 



While this is obvious in the classical theory, surprisingly it continues to hold exactly in the 
quantum theory |[55|] . 



Exercise. Boundary operators 

a) Assuming cf) has free field Neumann short distance singularities near the bound- 
ary, 

(^(f>{z) (f){w)^ ~ — log \z — w\'^ — log |z — u)]^ 

(where we think of the boundary as the x-axis for the upper half plane), show that the 
vertex operator e"*^, when inserted on the boundary has boundary conformal weight 
Ab = —2a^ + Qa and thus (3.84) is well-defined. A discussion of boundary operators 



in conformal field theory may be found in [56| 



b) Show that the argument analogous to ( 3.53| ) suggests the bound 
for boundary operators.0 



a < I (3.85) 



In the dense phase of the 0(n) model coupled to gravity, Kostov and Staudacher |57] have 
given examples of loop operator exponents which appear to give counterexamples to the bound 

S). 
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From our experience with conformal field theories in chapt. ^ we may expect that if 
we insert a "macroscopic loop operator" 

Wc {e)=5(e- I ds e^T"^) (3.86) 



^ JC ' 

in the Liouville path integral and then shrink the circumference to zero, then Wc{i) may 
be replaced by an infinite sum 

where aj are local operators which can couple to the boundary state created by (|3.86|) . 



Exercise. Exponents in Loop Expansion 

Suppose that there is an expansion like ( [3.87| ) in which the operators aj have 
Liouville charge Oj, i.e. 

where P is a polynomial. Show that the exponents Xj of ( |3.87| ) can then be found by 
a variant of the simple scaling argument we have used in ( |3.49D and earlier. Consider 
a Liouville path integral with the operator W{i) inserted, and shift 4>, remembering to 
take into account the change in Euler character from shrinking the hole. Show that the 
path integral scales as 

e 1 



from which follows 



Note that Xj > 0. 



Q/7-2a,/7= ^(|Q-a,) . (3.88) 



It turns out that, because of the geometrical nature of Liouville theory, the expansion 
( p.87|) is only valid under certain circumstances. This may be seen by a semiclassical study 
of amplitudes with loops [^, analogous to the semiclassical considerations above. The 



main results of this study are the following: 

1) Let — S7 = — |Qx, where x = 2 — 2/i — i?ona surface with h handles and B 
boundaries. If —57 > 0, the i ^ behavior of W{i) is equivalent to a sum of local 
operators. In particular, this is always the case if there are two or more loops on the 
surface (including the one that shrinks). 

2) As noted in the above exercise, xj > for local operators. Coefficients of negative 
powers of £ as £ ^ arise from small area divergences and are analytic in /i (and other 
coupling constants, in the context of 2D gravity). Therefore they are interpreted as 
arising from infinitesimal size surfaces, and such terms are classified as non-universal 
contributions when comparing with matrix model answers. 
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4. 2D Euclidean Quantum Gravity II: Canonical Approach 

It will be useful to work with the canonical approach to two dimensional gravity. In 
this chapter, we are led to introduce in particular some of the details of the algebraic 
(BRST) point of view (to be pursued further in sees. 14-4! H-S). We hope that providing 
a common language will help bridge the schism between the algebraicists and the matrix 
model theorists, who are after all employing two complementary approaches to study the 
same subject. 



4.1. Canonical Quantization of Gravitational Theories 

For a review of the canonical approach to Einsteinian general relativity, see 



Since gravitational theories are gauge theories, we are immediately led to study constrained 
dynamics. 

The canonical approach applies to spacetimes M which admit a space-time foliation: 
we assume there is a diffeomorphism E x IR — > M, where E is a L>-dimensional spacelike 
manifold. Choosing a unit normal to the surface E, we may project the metric onto 
components parallel and perpendicular to the surface. The restriction ^^^g of the metric g 
to the spatial surface defines the canonical coordinates, while the time-time and time-space 
components of the metric are expressed in terms of Lagrange multipliers for constraints 
of the theory (the "lapse" and "shift"). In Einsteinian general relativity, the constraints 
associated with the lapse and shift are the time-time and time-space components of the 
Einstein equations: Gqq = 0, Goi = 0. In the canonical theory, these are the generators of 
time and space diffeomorphisms. 

In the canonical quantization of gravity, wavefunctions are functions of the spatial 
metric (and other fields in the theory): \1/ = (7, matter]. The requirement of gauge 

invariance states that wavefunctions are required to obey operator versions of the space 
and time diffeomorphism constraints. The Wheeler-DeWitt equation is the equation ex- 
pressing the invariance under the generator of time-diffeomorphisms pD|-|5^ and plays a 
fundamental role in the theory. 

In non-Einsteinian metric theories of gravity, including for example gravity in one and 
two spacetime dimensions, a completely analogous formulation may still be obtained by 
performing constrained quantization of a theory with diffeomorphism invariance. 
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4-2. Canonical Quantization of 2D Euclidean Quantum Gravity 

Diffeomorphisms are generated by the energy- momentum tensor Tq,^ . In the canonical 
approach the diffeomorphism constraints of quantum gravity become the statements that 
the tensor product theory Liouville ® matter is a conformal field theory of central charge 
c = (including the ghosts) with a BRST complex, and moreover the states in the theory 
lie in the BRST cohomology of the theory. 

If massive matter is coupled to gravity, then the realization of the Virasoro algebra 

on the full Hilbert space is far from obvious. In the special case where the Hilbert space 

is a tensor product C® Liouville and matter Jvi conformal field theories (e.g., = 

M{p,q) minimal conformal field theory, is frequently considered), however, the situation 

simplifies dramatically. Naively the wavefunctions are now functions of the spatial metric, 

parametrized by (pic) and the matter degrees of freedom. When formulating 2D quantum 

gravity in the context of conformal field theory, however, the diffeomorphism constraints 

are properly enforced through the calculation of BRST cohomology with respect to the 

Virasoro algebra. The condition that nontrivial cohomology exists immediately implies 

that the total central charge is zero (see comment after ( p.l6|) ) so that 

95 — r 

c+l + 3g2_26 = ^ Q^ = Ji-^^ (4.1) 

where c is the central charge of Ai. 
Remarks: 

1) There are three kinds of cohomology problems we can study, depending on how we 
treat the zero modes of b{z),b{z). In "relative cohomology" we require bo = bo = on 
states and gauge parameters. In "semi-relative cohomology" we impose the condition 
6q = 6o ^ ^0 = on states and gauge parameters. In "absolute cohomology" we 
impose no conditions pertaining to the 6, b zero modes. 

2) In 2D gravity (and string theory) there is an important duality on the cohomology 
spaces. If $a forms a basis for the semi-relative cohomology then there will be a 
dual basis defined such that the BPZ inner product $„) = (0|$''(oo)$a(0)|0) is 
diagonalized. If is in the semi- relative cohomology then will not be in the semi- 
relative cohomology. One can define = which will be in the semi- relative 
cohomology. This conjugation $5 which exchanges states of ghost number G 
and 5 — G plays a crucial role in string field theory, and will be important in the 
considerations of chapt. 14. 

3) In the literature, not much attention is devoted to defining precisely the boundary 
conditions on field space (i.e., spacetime) for the cohomology problem. However, such 
boundary conditions are very important physically, as we shall see. 
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4-. 3. KPZ states in 2D Quantum Gravity 

KPZ states refer to a special class of BRST cohomology classes associated to the 
primary fields of the (p, q) minimal models which result when these theories are coupled 
to gravity. 

For states with a trivial ghost structure the Wheeler-DeWitt constraint, implementing 
invariance under time diffeomorphisms, becomes 

(Lo + Lo-2)^' = (4.2) 

where are the modes of the total stress energy tensor for C®M., and the —2 is the ghost 
contribution. For J\4. = M{p^ g), the KPZ operators O = e"''^$o? where $o is a primary in 
M(p, q) (as described in sec. \2. ^) , the wavefunction '^q further factorizes 

= ^gatter ^ ^gravity ^ ^^^ g^ 

and is separately an eigenstate of (i^o + -^o) matter- In this case the WdW equation becomes 

((Lo + Lo)Liouv + Ax + Ax - 2) vl/g-"*^ = . (4.4) 



\ Kv(e^ 






/ 
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Fig. 6: Solution to minisuperspace Wheeler-DeWitt equation decaying at large 
lengths. 

If matter boundary conditions are separately diffeomorphism invariant, we expect ^ 
to depend on only the diffeomorphism invariant information in (/>(a"), namely, on the length 
I = ^ Q^^'i'^"^ . In any case, in the minisuperspace approximation we replace 
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Using the KPZ formula ( p.26|) written as 

^x-l + \Q' = \{a~\Qf (4.6) 
(as suggested after ( |3.22|) ), we obtain the minisuperspace Wheeler-DeWitt equation 

(-(£^)2+4^£2^z.2j^(£)=0, Ty = ±l{a-\Q) . (4.7) 
The solution decaying at large lengths is the non-normalizable wavefunction 

<x K,{2^i) , (4.8) 

illustrated in fig. 6. 

As promised in sec. \3.d^ , the wavefunctions corresponding to geometries ( |3.35| ) appear 
naturally in the theory. From the geometrical picture of chapt. ^, it is natural to associate 
this geometry with the insertion of a local operator at t = — oo. In [0, Seiberg has 
further interpreted the blowup of the wavefunction at short distances as being physically 
appropriate. The idea is that the wavefunctions associated to local operators in quantum 
gravity should have support on metrics which are infinitesimally small in the physical 
metric e'^'^g (because they are local). 

Remark: In (^]^) we appear to have made an approximation. Astonishingly, matrix 
model calculations (for example eq. 10.19 below) confirm that ( f4.8|) is exact. It is not 
understood why this should be so. 

4.4- LZ states in 2D Quantum Gravity 

So far we have discussed only the KPZ states in which the ghost modes are not excited. 
These form only part of the full spectrum of the theory, as demonstrated in the continuum 
formulation in the work of Lian-Zuckerman [|6^,^. Treating the Liouville field as free, 
they calculated the semi-infinite (BRST) cohomology of £ M{p, q), and found that the 
cohomology is spanned by operators of the form 

Cne"""^, ^^ P + Q-n ^ > 1^ ^ omodp, ^ Omodg , (4.9) 
7 2g 

and 7 is determined as in ( |2.19| ). The operator On is made of ghosts, matter, and deriva- 
tives of (p. The ghost number of On depends linearly on n. 
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In the KP formalism of the matrix model to be described in sec. 7.7, on the other 
hand, scaling operators formed from fractional powers of Lax operators (which have known 
lattice analogs) will be constructed and scale like Liouville operators of the form 

O^e""'^, ^ ^ p + g-n ^>i^_^Omodg, (4.10) 
7 2q 

where q < p (but the n ^ Omodp restriction is lifted). In sec. 7.7, we will see how these 
operators arise in the matrix model formulation. 

Let us now consider the discrepancies between the calculations. First, in the LZ 
computation there is no reason to restrict attention to states satisfying a < Q/2. This is 
quite appropriate, since the computation applies equally well when /i = 0, in which case 
there is no wall to induce total reflection of the wavefunctions and hence identify states with 
±E or ±z/. There is a further discrepancy of operators with n = Omodp. This has been 
partially explained with boundary operators ||5^. Apart from this, the two calculations 
are in remarkable agreement. Nevertheless it is an important open problem to understand 
better the physical meaning of the Lian-Zuckerman states and their relationship, if any, 
to the infinite tower of scaling operators in the matrix model. 

In the case of the one-matrix model, the infinite tower of operators corresponding to 
K^~^ |_i_ (in the notation of sec. 7.7) are denoted by o"j, and will be studied in more detail 
in sec. 10.2 below. 

4-5. States in 2D Gravity Coupled to a Gaussian Field: more BRST 

Consider now the coupling of Euclidean gravity to a massless Euclidean scalar field in 
two dimensions: 



where X is the real massless boson. The KPZ equations ( p.l6|) and ( p.l9|) for D = 1 imply 
that Q = and 7 = V2. 

fCosmological constant operator at c = 1 
According to some authors, the correct quantum effective action must have a cosmo- 
logical constant term given by (pe"'^ . Many confusing issues related to this point are not 
well understood (as of Sep. 92). The argument in favor of this identification is that the 
usual relation between the wavefunction and vertex operator, together with the wavefunc- 
tion behavior Kq{1) ~ log£, suggests an extra factor of (j). A second argument is based on 
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the p — > behavior of amphtudes studied in sec. 13.6 below, and a third is based on the 
relation between bare and renormalized cosmological constants at c = 1 given in sec. 11.6 . 
We find none of these arguments entirely convincing. 

f Spectrum of = versus /i > 
The BRST cohomology of the theory ( |4Jl] ) was calculated in the n = theory by 
Lian and Zuckerman. Their results were simplified and extended in [|65 ,S6,|67[|. In this 



section we describe some of these results. The following argument, based on the string- 
theoretic/spacetime interpretation of these theories described in chapt. 5, suggests that, 
except for the imposition of the Seiberg bound, the physical states should be the same: 
the Liouville interaction disappears for (p —oo. Thus, states that have wavefunctions 
concentrated in this region must behave like states in the free theory, in particular, the 
interaction is arbitrarily weak in this region and "ought not" create or destroy extra states. 
This is not true of states concentrated at (p ^ +oo, which is why we must impose the 
Seiberg bound. This argument is surely correct for the tachyon cohomology classes, but is 
not obviously correct for the global modes associated to the discrete states. 

The nature of the cohomology depends strongly on the value of q, the X-field momen- 
tum as measured by \/2dX. For generic Q ^ 2 there are states in the BRST cohomology 
of ghost number G = 2 and dimension zero.0 These are the gravitationally dressed vertex 
operators 

Y ^ ^^gigX/v/2gv/2(l-i|g|)<^ 

' /- ^ 1 (4-12) 

Y ^ ^gg*gX/x/2gx/2(l + i|<7|)0 



The operators Vg violate the condition a < Q/2 discussed in sec. \3. 6| . We will confirm 
below that they do not appear in the matrix model computations. As in sec. |^.^ , we expect 
2D gravity wavefunctions associated to the operators Vq to be ij}'^^/'^Kq{2y/Jltj. We will 



confirm this in chapt. 11. As discussed in sec. ^.^ above we should distinguish between 



absolute, relative, and semi-relative cohomology. If we are working with the absolute 



cohomology, we must introduce the operator |66 



a=[Q,(t)\ = cd4) + V2dc , (4.13) 

and its holomorphic conjugate. Then we have extra states: aVq,aVq, aaVq. In the semi- 
relative cohomology, we must include the extra state (a + d)Vq. 



^'^ Ghost number G always refers to the total left+right moving ghost number in the closed 
string case. 
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In fact, the c = 1 model has much more cohomology. First of ah, there are many more 
primary fields in the theory which may be gravitationally dressed by Liouville exponentials. 
This is most elegantly seen by considering the chiral SU{2) current algebra that arises when 
a Gaussian field X is compactified on a self-dual radius The currents are given by 

J(±)(^) =e±^^^ J^^\z) = ^dX. (4.14) 

Then, for s = 0,1/2,1,..., we have highest weight fields ip^ ^ = e'^^^^ for the global 
SU{2). We can thus make chiral weight (1, 0) Virasoro highest weight fields from 

where m G {-j, -j + 1, . . . , j - 1, j}. 



Exercise. Characters of Fock modules 

When g G 2, the Fock module has a highest weight vector with Virasoro weight 
A = (/^/4. In this case it is known from Virasoro representation theory that the Fock 
space J^q becomes infinitely reducible, i.e., that J^q contains infinitely many Virasoro 
primaries. 

The characters of the irreducible c = 1 representations of the Virasoro algebra with 
weight A are |2^,|8): 



XA = — V4A ^ 2 
V 

(4.16) 

Xa^ = ^ ^- A = nV4,nGZ. 

rj 

a) Using these characters and the fact that J^q contains no singular vectors, show 
that when g G 2 the Fock module can be written as 

:F^/^, = ®r=oL{c = l,A=^^^±^) , (4.17) 

where L is the irreducible representation with highest weight A. 

b) Show that the state a-ia-i|0) corresponding to dXdX is an example of a 
nontrivial Virasoro primary in the Fock module with q = 0. 
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Therefore the chiral cohomology contains the fields 



cP„,,(aX)e^^"^e^(2-(n+2.))0 



(4.18) 



with ghost number G = 1 and dimension zero. In the second fine of ( [4.18|) , we set n = 2m 
and we have emphasized the description of the exercise: the highest weight in the r^^ term 
of ( [4.17|) is generated by the highest weight state Vn,r{dX) e' ^"''^ , where Vn,r{dX) is a 
polynomial in derivatives of X of dimension nr + r'^, and s = r + n/2. This state has 
Liouville momentum —ip(j,/\^ = —a/7 + Q/2'j = {n + 2r)/2 = s. 

Although we have constructed these states by appealing to the symmetry structure 
at the self-dual radius, they will give rise to BRST cohomology classes at other radii by 
combining left- and right-movers. In particular, at infinite radius we may form the states 



S 



(4.19) 



with ghost number G = 2 and dimension zero. In the absolute cohomology we must include 
the states aY"^, and so on. 




Fig. 7: A plot of the quantum numbers of the special states in the {px^ —'iP(j,)/\f^ 
plane. The special states intersecting the tachyon dispersion line at |m| = j are 
called "special tachyons." Note that if one works at /Lt = 0, the Seiberg bound 



does not hold and one should include the other states Y- 



identical plot obtained by reflecting 



These constitute an 
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We may plot the quantum numbers of these states as in fig. 7. The big surprise, 
discovered by Lian and Zuckerman, is that at the points in fig. 7 interior to the wedge 
there are extra cohomology classes. The above-mentioned classes only account for half 
of the BRST cohomology. For every class Y^"*^ with j = 1,2,..., and |m| < j there is 
a corresponding class Oj-i^rn with the same X,(j) momenta but with ghost number zero. 
The first three examples are 



Oo,o = 1 




(4.20) 



Fig. 8: The wedge of fig. 7, with the chiral ground ring states enumerated. 

A plot of these "ground ring" states is shown in fig. 8. Lian and Zuckerman show 
that there are no other chiral cohomology classes. The full closed string cohomology is 
formed by combining the above classes subject to constraints on left- and right-moving 
momenta. Since we do not compactify the Liouville field, we must impose = p^. The 
conditions on depend on the radius of compactification [^. For the X-field with 
infinite radius R = oo (our usual case), we have p^ = Px- When X is compactified at 
special radii, e.g. the self-dual radius, this condition may be relaxed and there will be more 
BRST cohomology classes. 
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Remark: In general there will be "special states" when the X-field is compactified 
on a circle of radius ^ = ^ where p, q are relatively prime integers. The special states 
must have the (p^,]?;§)\/2 = (kq + Ip^ kq — Ip) where /c, I are arbitrary integers. Note that 
the zero momentum special states are present at every radius. 

The appearance and disappearance of special states as the radius is varied is a puzzling 
phenomenon. It has been discussed in |l69(] . 

Thus we may finally summarize the relative closed string cohomology at = oo: In 
addition to the tachyon states (|4.12 ) we have four states at ghost numbers G = 0, 1, 2 in 
the relative cohomology: 



(4.21) 



As pointed out in ||6^, the semi-relative cohomology is more appropriate for comparison 
with closed string field theory (see [@). The semi- relative cohomology has 4 more states 





: 


TZ ■ 




J =0,1/2,... 


|m| < j 




G = 


1 : 


>Jj,m 






i = 1,3/2,.. 


. ; |m| < j 


G = 


2 : 




= Y+ Y+ 


i = 1,3/2,.. 


.; |m| < j . 





at ghost numbers 1,2,3 obtained by multiplying the above operators by a + a. Explicit 
formulae for special state representatives, as well as an alternative proof of the Lian- 
Zuckerman theorem has been given in [65 
Remark: Conjugate StatesS 



The tilde conjugation $s described in sec. [^.^ above is important for under- 

standing the factorization properties of amplitudes. The behavior of this conjugation is 
rather different at = and > 0. At = we have standard free-field formulae. In 
particular $s exchanges states with ghost number G and 5 — G. It also exchanges 

(-l-)-states with (— )-states. At fi > 0, there are no (— ) states and it might appear that a 
fundamental axiom for constructing string field theory has broken down. This is not the 
case, since the Liouville 2-point function has a geometrical divergence coming from the 
volume of the dilation group IR*^ (see sec. \3. 7[ ) . This divergent numerator is precisely what 
is needed to cancel the division by the volume of the conformal Killing group that results 
if we only insert 4 out of 6 c, c-zero modes. Thus we can have a nonzero 2-point function: 

^^gZp,X/V2gV^(l-i|p,|)-^^-g^p,X/V2gV2(l-i|p.|)A _ Sipi+p2) . (4.22) 
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We thank N. Seiberg for clarifying this point. 
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On the RHS we have one, rather than two, (5-functions in the momenta of the problem. 
In general, we see that the conjugation $s ^ at > exchanges ghost numbers G and 
4 — 6*, and preserves the (+)-states satisfying the Seiberg bound. 

As emphasized in [^, the existence of the ghost number one BRST classes implies 
the existence of a large symmetry algebra. Indeed, quite generally, given a dimension zero 
BRST class 0^°) we may associate with it a descent multiplet {yt^^\Vt'^^\Vt^'^^) consisting 
of 0, 1, 2 forms defined by the descent equations: 

= {Q,O(°)} 

dOW={Q,0(i)} (4.23) 
dO(i) ={Q,0(2)} 

Exercise. Descent Equations 

a) Using {Q, 6-1} = show that in terms of states associated to the operators 
the descent equations read: 

= 6_i|Q(°)) (4.24) 



The significance of the descent multiplet is that to any BRST invariant dimension 
zero operator we may associate 1) a corresponding charge 

^(0^°)) = , (4.25) 

conserved up to BRST exact operators, and 2) a corresponding modulus, by which we can 
deform the action, 

AS= [ 0(2) ^ (4.26) 

while preserving BRST symmetry. 

Exercise. Tachyon descent multiplet 

Show that the descent multiplet for the tachyon vertex operator is 



G = 


2 : 




= cce'^^/'^e^^^^^alPl)'^ 


G = 


1 : 


yd) 


= idzc-dzc) e^P^/^ e(^(^-lM^1> 


G = 


: 


y(2) 


= dzAdze^^^/^e(^(i-i'^i)<^ . 



(4.27) 
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Fig. 9: Closed string symmetry charges Aj,m = fdzfl'^^J^. Note there are also 
conjugate charges Aj^m at the same values of (p^ , p<p ) . 

The descent multiplet turns out to be nontrivial for the ghost number G = 1 states 
in ( [4.21| ): J^j'^^ = Y^^Oj-i^m and its holomorphic conjugate. Therefore, there are corre- 
sponding currents f^^^^, conserved up to BRST exact operators, which produce "discrete 
charges" 

A,,m^fdznfl , (4.28) 

and their hofomorphic conjugates Aj^rm which are conserved up to BRST exact operators. 
As described in ||6^ and in chapt. 14 below, the existence of these charges have nontriv- 
ial consequences for correlation functions computed in the /i = theory. The quantum 
numbers of the charges are plotted in fig. 9. 

As at c < 1, an important open problem is to understand better the role of these 
states in quantum gravity. Moreover, an important open problem is to find matrix model 
techniques for investigating the Ou,n- 

5. 2D Critical String Theory 

Further insight into the spectrum of 2D gravity is obtained when we consider the 
string-theory /target space point of view, in which we regard (p as a spacetime coordinate. 
The KPZ formula is now interpreted as the on-shell condition for Euclidean target space. 
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5.1. Particles in D Dimensions: QFT as ID Euclidean Quantum Gravity. 

In chapters || and ^, we have discussed 2D Euclidean quantum gravity. In this section, 
we apply the same techniques to ID Euclidean Quantum Gravity. While the theory is 
trivial as a theory of quantum gravity, it has an important and obvious reinterpretation in 
terms of target space Euclidean quantum field theory. 
Path Integral Approach 

An example which will illuminate our later considerations is that of a particle moving 
through Euclidean spacetime. This may be thought of as ID quantum gravity since the 
system is described by the action 

S=lldr^)[g--{^)'-m^) . (5.1) 

We consider the path integral 

^(^.,^/) = /^e^ (5.2) 

with boundary conditions X'j^,X'^ on A^. We can fix the gauge by transforming the 
einbein to a constant, f*e = s, where s is the single coordinate invariant quantity (i.e. 
modulus), namely the length. The path integral becomes 



^(A„ A^) = P % (det'(-.-2a2))(^-^)/^-(^^)V2— 



(5.3) 



since the determinant is proportional to s. 
Canonical Approach 



Turning to the canonical approach, the action (|5.1J ) has a gauge invariance: 



SX = e(r)A' 5e(r) = e'(r)e(r) + e(r)e'(r) . (5.4) 

We can fix the gauge by putting e = 1 at the price of imposing a constraint. The Wheeler- 
DeWitt operator, which generates r diffeomorphisms, is simply H = -^m? , where p^{t) 
is the field canonically conjugate to x^{t). The Wheeler-DeWitt equation is the Euclidean 
Klein-Gordon equation: 

i7^(x) = (^-^ + m2jV' = . (5.5) 
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If we isolate one Euclidean coordinate, call it (p, as a special coordinate, then we can 
write the Euclidean on-shell wavefunctions as e*^^ g±-\/pH^</) long as there are no 
tachyons in the theory, these wavefunctions have exponential growth and are not normal- 
izable. Conversely, the existence of Euclidean on-shell normalizable wavefunctions is a 
signal of tachyons in the theory. 

In order to describe off-shell physics, we introduce the normalizable states which 
diagonalize the Wheeler-DeWitt operator: e*^^"'"*'^'^, with eigenvalue + + m^. For 
example, in a mixed position-space/momentum-space representation where we Fourier 
transform with respect to all other coordinates, we may describe the propagator as 

G{^i,p;^2, -p) = dE 



E"^ + p"^ + m? 

1 , (5-6) 

^-Vp2_^m2|yi-y2| _^ ^ 2] . 

-f- m? 



Exercise. Back to the wall 

What happens if (p is restricted to be semi-infinite? Put a boundary condition that 
the wavefunctions vanish at i;^ = log ^ and calculate the analog of 



Interactions and Topology-Change 

One-dimensional quantum gravity from the target space viewpoint provides a useful in- 
sight into the origin of the violation of the Wheeler-DeWitt constraint in topology-changing 
processes. In this case, a topology-changing process corresponds to one 0-dimensional space 
splitting into two as in 




P3=Pl^P2 



(5.7) 

The "violation of the Wheeler-DeWitt constraint" is simply the familiar fact that if p\ = 
P2 = —m? are on-shell momenta then in general ^3 = (^1+^2)^ 7^ —m? will not be on-shell. 

This above basic phenomenon can also be realized as the result of a contact term 
arising from a singularity at the boundary of "moduli space." Consider the wavefunction 
of a particle that interacts with an external potential V so that the wavefunction becomes 



J —00 



^{t)= dr'e--f^(^-^ ViA , (5.8) 
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where H is the Wheeler-DeWitt operator. Note that 

/T O 
dr'— (e-^(^-^') Vi;) = V V 7^ , (5.9) 

so the condition Hi(; = is not preserved under time evolution. 

5.2. Strings in D Dimensions: String Theory as 2D Euclidean Quantum Gravity 



Nonlinear cr-Model Approach. The particle Lagrangian ( |5.1J ) can be generalized 
to a string Lagrangian, which we recognize as a 2D nonlinear a-model, and the quantum 
theory involves a path integral over surfaces. To describe strings propagating in general 
manifolds we should in principle consider arbitrary 2d quantum field theories: 

5. = ^y" d'^z ^ (t{X) + R^^^DiX) + g'^' daX'' dbX'- G^^iX) + ■ ■ ■'^ , (5.10) 

where X'^^^' ' ''^ parametrize a L>-dimensional spacetime target space and the ellipsis in- 
dicates a sum over a possibly infinite set of irrelevant operators. 

f Pertinent operators? 
We are expanding here around the Gaussian fixed point, since we think of each coor- 
dinate X^^ as a Gaussian field. Including arbitrary interactions is a very formal procedure 
which must be made well-defined. An infinite sum of irrelevant operators might not be 
irrelevant at all, but might be the effect of expanding around the wrong fixed point. 

In standard treatments of string theory , it is shown that a consistent string theory 
can be formulated from models of the above type when they are conformally invariant (more 
precisely, BRST invariant). The model is conformally invariant when the /3-functions 
vanish, that is, when the spacetime equations of motion, 

/^S. =^M- + 2V^V.I? - V^TV.T + ■ ■ ■ = 

__o^ _ ^ ^ A{VDf - AW'^D + {VTf -2T^ + --- = (5.11) 

3 

/3'^ = - 2 V^T + 4\/D VT - 4T + ■ ■ ■ = , 

are satisfied. The dots indicate higher order (in the string tension a') corrections, including 
tachyon interactions. These /3-function equations themselves follow from an action^ [|72[| 

S=^J d^xVGe-'^ [r + 4{VDf + - {VTf + 2T^) + ■ ■ ■ , (5.12) 
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The nonderivative dependence on T follows from very general considerations [71|. 
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where k is the string couphng. 

Consider the case when the matter conformal field theory 5'cft is a product of Gaus- 
sian models, 

^CFT = I d^^ v^^(VX'^)2 ^ ^5_;L3) 

J OTT 

together with one CTFF field 4> (the Chodos-Thorn/Feigen-Fuks field described in 
sec. O). 

Identifying (/> with a spacetime coordinate in (|5.10D , we read off from comparison of 



J) with (|5J0D : 



(T)=0, (I^) = |<^, {G^.)=5^.. (5.14) 



Substituting (|5.14|) into (|5.11J ) and working to lowest order in (T) shows that /? = is 
satisfied provided the KPZ formulae described in chapt. || are satisfied, so in particular 



Q = + 7 = ^/{2Q^^'d)J?> (where d = c-\-l m. the critical string interpretation). 

Now let us replace the CTFF field by a Liouville field, i.e. instead of a free field we 
now have the Liouville interaction term. Comparing actions (|3.2| ) with ( |5.10| ), we find the 
same dilaton and metric expectation values as in ( |5.14]) , but a new tachyon expectation 
value: 



Conformal background? 



(^) = ^e-^ {D) = ^^, {G,.) = d,^. (5.15) 



JL The background ( ^.15|) no longer solves the lowest order /3-function equations ( |5.11|) . 
This has been blamed either on the possibility of field redefinitions [IT^ , or on the fact that 
the above equations are only the lowest order terms in the /3-function. We nevertheless 
continue with this review, since the Liouville theory is conformal. 

fMore subtleties 
There are many other subtleties and caveats associated with these assertions. For 
example, due to the difficulties of treating theories with matter central charge c > 1 for 



/U > 0, we can really understand only the case of a single gaussian model in (|5.13| ). 

The construction of a consistent string theory can be carried out for any conformal 
field theory with total central charge c = 26. In the case of a tensor product of Gaussian 
models, we identify each Gaussian model field with a macroscopic spacetime dimension. 
An arbitrary CFT is an abstract version of target spaces made from products of Gaussian 
models. The minimal models with c < 1, for example, can be thought of as generalized 
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Euclidean signature spacetimes. They can be augmented to c = 26 and converted to 
consistent target spaces for string propagation by coupling to a Liouville theory since 
the Liouville mode has a tunable central charge@ For example, by introducing a free 
CTFF field we can tune to lower dimensional critical string theories . We have already 
discussed some aspects of tensor products of Liouville and matter sectors in sec. j| , and 
pointed out the relation between critical strings in d = D + 1 dimensions and "non-critical 
strings" in D dimensions (when the latter interpretation exists, see footnote after (|2.22|) ). 

5.3. 2D String Theory: Euclidean Signature 

It is useful to recall at this point the dual interpretations of the theories we consider: 

i) matter coupled to 2D quantum gravity. 

ii) critical strings moving through specific background geometries. 

In particular, as described in the previous section, gravity coupled to a c = 1 Gaussian 
model can be interpreted as a (i = 2 critical string theory. The critical string interpretation 
of the c = 1 matrix model is subtle and still changin^Iil. Our specific action ( |4.11| ) describes 
strings moving in two Euclidean spacetime dimensions {X, (p) , and in the next section we 
shall consider its Minkowskian continuations. 



In general, the KPZ formula ( |2.26| , |4.6| ) that determines the gravitational dressing 
for an operator coupled to 2d gravity has a dual interpretation as the Euclidean on-shell 
condition for string propagation in the critical string target space picture. Recall that for 
c = 1, we have Q = 2^/2. Thus the operators in ( [4.12| ), 

create states that satisfy the Euclidean on-shell condition 

for a massless particle (where = E and = q/V^ are the (p and X momenta). We 
recognize that the KPZ formula (written in the form ( [4.6| )) is the dispersion relation for 
massless propagation. 



But it always has the same number of field theoretic degrees of freedom. This remarkable 
aspect of Liouville theory has been explored in detail in [^:73|. 
June 1992 
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It should come as no surprise to find massless propagation in d = 2 critical string 
theory. In the light cone gauge approach to string theory, there are physical excitations 
associated with the motion of the string center of mass and with the transverse oscillations 
of the string. In two spacetime dimensions, there are no transverse oscillations so we expect 
to find a single field theoretic degree of freedom. The center of mass degree of freedom, 
which is identified with the tachyon field T(X^) of the 26-dimensional critical string, has 
mass-squared = (2 — d)/12 in d dimensions. Thus, in two dimensional string theory 
we expect to find one massless field theoretic excitation. 

One way to confirm the lightcone statements is to consider the /3-function derived 
spacetime action ( |5.12|) in a general linear dilaton background in d dimensions, i.e. ( |5.14| ) 
or ( ^.15|) with = (26 — d)/3 (again d = c + 1 in the critical string interpretation). 
Changing variables in (|5.12| ) to T = e"^ 6(x, (^), we find that the tachyon field has action 



St = I dx d(f) e-2^ ( ( VT)^ - 2T^ + 



j dxdct) {{Vhf + {{VDf - V^D - 2) 62 + . . 
dx d0^(V6)2 + interactions j . 



(5.16) 



27rK^ 

_ 1 /■ , , ,/,_,.o 2-d 
~ 2^ 

In particular for d = 2, the field b is massless. 

Remark: We can view the KPZ formula as the on-shell condition for the Euclidean 



target space propagator as well for c 7^ 1. Indeed from (j^^ we have 

_l(„_|)VA.v + i^=0, (5.17) 
which we read as the Euclidean on-shell condition: 

^E^ + + im^ = . (5.18) 
In the c—1 model, we have seen just above that the analogy 



Ax " kp" ^ " W (5.19) 



is exact, with = 0. 

Following the particle example we can — in the minisuperspace approximation 
immediately discuss the propagator 



Gih,p;e2,-P)= r dE ^.\^ ^ ^^(£i)Vi;(^2 



(5.20) 

2 - h) I^,{2^ii) K^^{2^l2) + [1 2] , 



where ujp = +y'p'^ + m'^. This is the 2D gravity analog of ( ^.6|) in the minisuperspace 
approximation. From the point of view of 2D quantum gravity, this is the universe-universe 
propagator of third quantization |175H77 . 
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5.4- 2D String Theory: Minkowskian Signature 

Now we consider the possible Minkowskian continuations of our Euclidean action 

A) X is Euclidean time. 

The c = 1 model has the clearest target space interpretation of the models we have 
studied. In particular if we rotate X — * it, we can consider t as a Minkowskian time 
coordinate. Taking account of the tachyon condensate, we have seen how to get the target 
space wavefunctions (e.g. ( [4.8| )). Then the on-shell wavefunctions are, at tree level, 

e- K.M ^ e-(^^ - + Oi^) . (5,21) 

Physically these wavefunctions describe the reflection scattering of an incoming tachyon 
by the Liouville wall. Since the Bessel function is a sum of incoming and outgoing waves 
we may, without further ado, read off the genus zero 1^1 scattering amplitude in the 
theory: 



r{-iE) 

In sec. 13.5 below, we will calculate the full nonperturbative S'-matrix for this theory. 
The scattering cohomology classes are 

coupling constant 

wavefunction 

where u; > 0. Note that 
i) In quantum mechanics wavefunctions depend on time as "0 ~ Q-^Et ^j^gj-g i? > is a 
positive energy. When calculating scattering matrices in a path integral formalism ^8 



we insert i^out t/j-^^ respectively for outgoers and incomers. Therefore the vertex 
operators create scattering states according to: 

V~ : incoming rightmover 

(5.23) 

Vj~ : outgoing leftmover . 

Since we are effectively discussing scattering theory in a half-space, incomers are 
rightmovers and outgoers are leftmovers. This is the spacetime version of the Seiberg 



bound (lOOD 
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ii) We must work with macroscopic states to have (plane-wave) normahzable wavefunc- 
tions in Minkowski space, required to set up a sensible scattering theory. 
B) (p is Euclidean time. 

In this case we must rotate cf) ^ it to obtain a Minkowskian interpretation. Unfortu- 
nately, the rotation is problematic for > 0. The reason is evident from the zero-mode 
part of the Liouville path integral ( |3.60| ). If /U > 0, then in the complex plane (i.e. zero 



modes of cf)) there is a series of "ridges" along the lines Im(^o) = (2?t. -|- l)7r/7, n G 2, 
which invalidate any contour rotation: the right answer cannot be obtained by rotating 
(j) ^ it and expanding in a series of 5-functions (except, perhaps, by dumb luck). 

These objections disappear if we consider the "free Liouville theory" with n = 0. 
There is no obstruction to rotating (p —>■ it, where t is a timelike coordinate. The natural 
BRST classes are 

T± =cce^'=(^±*)/^e*^* , (5.24) 

which now have the interpretation 

Tj^ : incoming leftmover k < 
: outgoing leftmover k > 

(5.25) 

Tjj. : outgoing rightmover k < 
: incoming rightmover k > . 

Since there is no wall at /U = 0, we can have both leftmover s and rightmovers. Moreover, 
the string coupling becomes time-dependent, K{t) = kq e*^*, and the dilaton field is purely 
imaginary.!! Clearly the physics of this model is rather different from case A) and any 
relation between the models is only mathematical. We will return to this world briefly in 
sec. 14.2. 

5.5. Heterodox remarks regarding the "special states" 

There are three reasons why the infinite class of special states is exciting and inter- 
esting: 

1) They correspond to a large unbroken symmetry group of the string gauge group. 



In conventional closed string field theory |44], one imposes reality conditions on the string 
field forcing the dilaton to be real. 
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2) The only difference in degrees of freedom between strings and fields in 2D is in the 
special states. The spacetime meaning of the special states is not understood and 
should be stringy and interesting. 

3) They enter non-trivially into the 2d black hole metric. 
Let us elaborate on these three points: 

1) In the 26-dimensional bosonic string with Minkowski space background there is an 
analog of the special states. They are all at zero momentum and their physical inter- 
pretation is clear. The linearized gauge symmetry of string field theory is 

^ ^' + QA + A] + ■ ■ ■ , (5.26) 

where the last term is the string product described in pi], and the infinitesimal 



symmetry generator A has ghost number G = 1. \E' represents deviations of the 
fields from background values, so a symmetry of the background should take \1/ = 
^ \1/ = and therefore satisfy QA = 0, i.e., the symmetry should act linearly on 
small deviations from the background, as follows from ( |5.26| ). Moreover, modifying 
A — s> A + Qe doesn't change the linearized action on the on-shell fields. Therefore the 
nontrivial BRST classes of ghost number G = 1 correspond to on-shell symmetries of 



the string background In the case of the "special states" of Minkowski space, 

they correspond to the unbroken translation symmetries of the vacuum defined by 
Minkowski space.il Reasoning by analogy, it would seem that the infinite number of 
special states in the 2D string correspond to a much larger symmetry group. It has 
been suggested in that this is also related to the fact that in the 2d string there 



are far fewer states in the theory. 
2) The vertex operators representing small changes in the tachyon background are just 
those given in ( [4.12| ). The question thus arises as to the spacetime meaning of the 
special state operators. It has been suggested in [H9| that these represent global modes 



of spacetime fields which have no propagating degrees of freedom. The basic idea 
can be seen by considering 1-1-1 dimensional gauge theories of electromagnetism and 
gravity. In l-fl dimensional (classical) electromagnetism and gravitation, for example, 
the fields A^(x) and G^,^{x) have no propagating modes, yet the background electric 
holonomy § daA^ and the circumference of the world § dX \fGxx are gauge- invariant 
observables when X is compactified. 
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Together with dual symmetries for the i?-field. 
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3) There are indications that understanding special state correlators would aid in the 
search for a model with both the black hole mass and the cosmological constant 
turned on. 

For these reasons the "special states" have been the subject of intense investigation for the 
past year and a half. Sadly, some of these investigations have been rather misguided. 

When we compute BRST cohomology, we must pay proper attention to the bound- 
ary conditions of the fields representing BRST cohomology. In electromagnetism in four 
dimensions, for example, BRST cohomology will be represented by plane-wave states of 
the gauge field ~ ^ik-x ^ ^2 _ ^ . ^ _ representing transverse photons. Of course, 
k is real because we want only to consider plane-wave normalizable states. In addition 
there are other BRST invariant field configurations which are not plane-wave normaliz- 
able. For example, in 1 -|- 1 electrodynamics on IR^ we can work in Ai = gauge, but 
then Aq = Ex for E constant is not normalizable. This corresponds to the Coulomb force. 
We should therefore distinguish the scattering cohomology representing states for which 
one can scatter and compute an S'-matrix, from the background cohomology which repre- 
sents gauge-invariant global information which cannot be changed by small wavelike field 
perturbations. 

This discussion applies to the 2D string. As we have seen, when rotating the coordi- 
nate X to Minkowskian time, the primary matter fields have negative conformal weight. 
Thus, since co must be real to provide plane wave normalizable incoming and outgoing 
wavefunctions, the only BRST cohomology classes in the Minkowskian theory with uj > 
are those in ( p.22| ). This reasoning breaks down for the case of zero t-momentum. On the 
other hand before looking for the effects of special state operators like 

ccPo,r(9*t)Po,r(a*t)e^(i±'-)^ , (5.27) 

(where the Seiberg bound implies we must take 1 — r) , we must require that the wavefunc- 
tions in question do not change the asymptotic behavior of the lagrangian of the theory. 
In fact this is only the case for the operator dt dt. The other states have non-normalizable 
wavefunctions and thus belong to the background cohomology groups. We cannot form 
well-defined wavepackets for them and they will not be changed by scattering processes 
since such processes involve wavepacket normalizable quanta from the scattering cohomol- 
ogy- 

The special states are very interesting for string theory, but they have no place in 
the wall S'-matrix of the 2D string. To paraphrase a warning to previous generations |j7^ : 
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Those who look for special states in the singularities of the c = 1 iS-matrix are like the 
man who settled in Casablanca for the waters. They were misinformed. 

The situation is rather more confused for the bulk-scattering matrix described in 
chapt. 14. 

5.6. Bosonic String Amplitudes and the "c > 1 problem" 

In this section we consider some of the "tachyonic" divergences that occur in bosonic 
string theories. 

First Description 

Let us return to the operator formalism description of string amplitudes. In general, 
the amplitudes Ah,n are meaningless because of the singularities of the string density O 
on the boundaries of moduli space. A traditional way of avoiding this problem has been 
the introduction of supersymmetry. An alternative way around the problem is provided 
by low dimensional string theory [Q, since in low dimensions the tachyon (which causes the 
divergences) becomes massless or massive as we have seen in ( ^.16|) . We can see how this 
comes about by considering the one-loop partition function in the example of a general 
linear dilaton background (i.e. non-zero Q in (|5.15|) ) coupled to some matter conformal 
field theory C, 

ni,o ~ dr A df f]'^ Zuouvme(g)c{q, q) ■ (5.28) 

(Note the leading 77^77^ is from the ghosts.) The behavior of the partition function as 
q ^ 0, which accounts for the tachyon divergences of the theory, is obtained by writing 
the partition function as a sum over eigenstates of Lq, Lq: 



POO 

^Liouville^C = V / dEME) (55-)^^^ + iQ^+A.-26/24 

Jo 



(5.29) 



where fi{E) represents the density of Liouville states in ( |3.31| ). Including also the lead- 
ing (gg)^/^^ from the ghosts in ( ^.28|) , we arrive at the condition for no tachyonic 
divergences: 

minA,ec{|^^ + |Q^+A, -1} >0 ^ Cefi(C) = c - 24minA, < 1 . (5.30) 

Prom this point of view, we see that the problem is not necessarily that c > 1 per se, but 
is rather an issue involving the value of c together with the spectrum of the theory. 
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The condition (|5.30 ) is of course only a necessary condition. We should also worry 



about the existence of divergences when operators approach each other. In this case the 
softening of the Liouville operator product expansion discussed above explains the lack of 
divergences on the boundaries of punctured moduli space. In particular, if we look at the 
operator product of two dressed matter primaries ^le"*^ and $26^*^, then from ( p.59|) we 
have 

$ie"'^(^,2)$2e^'^(w,tD) 

A -^0 

(where Ci^2,{x,E) is the coefficient of the field $Ax its gravitational dressing Ve{w, w) 
in the operator product expansion of the two above operators). The worst singularity at 
z — w comes from the contribution near E = 0, 



\z — w 



L_|2 _^|T2(l-Ceff(C)) 



and is integrable when the condition (|5.30|) is satisfied. (The case Ceff(C) = 1 is a borderline 
case. In the c = 1 model, it turns out that ci^2,E as -E ^ 0.) 

Based on these two examples, we may guess that all bosonic string amplitudes in fact 
do exist when ( [5.30| ) is satisfied. The matrix model approach to 2D string theory has 
the great virtue of confirming this, and moreover gives an infinite dimensional space of 
background perturbations. 

Second Description 

We can also describe these divergences from the point of view of the spacetime theory 
by interpreting the norm of the plumbing fixture coordinate q as \q\ = e~^, where s is a 
proper time coordinate such as introduced following (|5.3D for the field theory propagator. 
From this point of view, we see that the divergences are due to on-shell tachyons and 
massless particles. When ( |5.30| ) is satisfied as a strict inequality, we see that the amplitudes 



are finite because only zero-momentum massive particles fiow. As usual, the massless 
particles present a special case at c = 1, but they are derivatively coupled. 
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Fig. 10: The case of the exploding worldsheet. Since every order in perturbation 
theory adds a hole to the surface, this is an overly optimistic rendering. Summing 
up such a perturbation expansion, the worldsheet on scales larger than the cutoff 
is all holes . 



Third Description [0 

We may also consider the above phenomenon from the worldsheet point of view. We 
consider the Liouville theory coupled to some conformal field theory C such that the total 
central charge is 26. The conformal field theory C is assumed to have a spectrum bounded 
from below: that is, we are considering strings in Euclidean space. In general we expect 
Euclidean propagators in Liouville theory to have the form 

F2/^fi 2 ^Eih) ^Eih) , (5-32) 
-C/ + ]? + TO 



where as explained in sec. \5.3^ we identify 

p^ + m^ = Ax+^^ . (5.33) 

Suppose the unit operator flows through the loop and c > 1. Then there is a zero in the 
propagator for E real. That is, there exists an on-shell, normalizable (macroscopic) state 
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in Euclidean space. As in ID, we should suspect that there are tachyons in the theory. 
Recalling the semiclassical Liouville pictures discussed in chapt. the troubles caused 
by these states have a graphical worldsheet illustration. Insertion of an operator dressed 
by a macroscopic Liouville state is not a local disturbance to the surface: it creates a 
macroscopic hole and tears the surface apart. In any lattice description of a c > 1 model, 
unless we fine-tune there will be nonzero couplings to the operator that creates the on- 
shell macroscopic state whose existence we have established. In particular, using the 



KPZ dressing formulae of sec. \2.3i , we see that the cosmological constant operator itself 
becomes a macroscopic state. Bringing down any such operators from the exponential in a 
perturbative expansion of the path integral, we see that the typical resulting "worldsheet" 
would look as depicted in fig. 10. Evidently a worldsheet description of the physics is no 
longer most appropriate. Once more, the condition that would prevent this explosion is 

(PO). 



6. Discretized surfaces, matrix models, and the continuum limit 

Now that we have some idea of the physics we are looking for, we will study the 
"experimental" results of the matrix model. The next four chapters are devoted to defining 
the continuum limit for the models of c < 1 matter coupled to gravity associated with the 
one matrix model. We mention matrix chains briefly. We will emphasize both the role of 
macroscopic loops and also the fermionic formulation of the matrix model, which lies at 
the heart of the exactly solvable nature of these models. 

6.1. Discretized surfaces 

We begin by considering a "£> = dimensional string theory", i.e. a pure theory of 
surfaces with no coupling to additional "matter" degrees of freedom on the string world- 
sheet. This is equivalent to the propagation of strings in a non-existent embedding space. 
For partition function we take 

Z = 5:/p,e-'3^+™, (6.1) 

h 

where the sum over topologies is represented by the summation over h, the number of 
handles of the surface, and the action consists of couplings to the area A = J and to 
the Euler character x = ^ / a/^-R = 2 — 2/i. 
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Fig. 11: A piece of a random triangulation of a surface. Each of the triangular 
faces is dual to a three point vertex of a quantum mechanical matrix model. 



The integral / Vg over the metric on the surface in ( |6.1|) is difficult to calculate in 
general. The most progress in the continuum has been made via the Liouville approach 
which we briefly reviewed in chapt. |2|. If we discretize the surface, on the other hand, it 
turns out that is much easier to calculate, even before removing the finite cutoff. We 



consider in particular a "random triangulation" of the surface , in which the surface is 
constructed from triangles, as in fig. 11. The triangles are designated to be equilateral,^ 
so that there is negative (positive) curvature at vertices i where the number A^^ of incident 
triangles is more (less) than six, and zero curvature when A^^ = 6. The summation over 
all such random triangulations is thus the discrete analog to the integral j Vg over all 
possible geometries, 

J2 ^ E ■ (6-2) 

genus h random 

triangulations 

The discrete counterpart to the infinitesimal volume element y/g is = Ni/3, so that 
the total area \S\ = J^^t counts the total number of triangles, each designated to 

have unit area. (The factor of 1/3 in the definition of ai is because each triangle has three 



We point out that this constitutes a basic difference from the Regge calculus, in which the 
link lengths are geometric degrees of freedom. Here the geometry is encoded entirely into the 
coordination numbers of the vertices. This restriction of degrees of freedom roughly corresponds 
to fixing a coordinate gauge, hence we integrate only over the gauge-invariant moduli of the 
surfaces. 
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vertices and is counted three times.) The discrete counterpart to the Ricci scalar R at 
vertex i is Ri = 2tv{6 — Ni)/Ni, so that 



j y^R^Y^47i{l- Ni/6) =47r(y- iF) = 47i{V - E + F) 



4nx 



Here we have used the simphcial definition which gives the Euler character x in terms of 
the total number of vertices, edges, and faces V, E, and F of the triangulation (and we 
have used the relation 3F = 2E obeyed by triangulations of surfaces, since each face has 
three edges each of which is shared by two faces). 

In the above, triangles do not play an essential role and may be replaced by any set 
of polygons. General random polygonulations of surfaces with appropriate fine tuning of 
couplings may, as we shall see, have more general critical behavior, but can in particular 
always reproduce the pure gravity behavior of triangulations in the continuum limit. 



6.2. Matrix models 



We now demonstrate how the integral over geometry in (|6.1| ) may be performed in 
its discretized form as a sum over random triangulations. The trick is to use a certain 
matrix integral as a generating functional for random triangulations. The essential idea 



goes back to work on the large N limit of QCD, followed by work on the saddle point 



approximation 82 



We first recall the (Feynman) diagrammatic expansion of the (0-dimensional) field 
theory integral. 

(6.3) 



-oo vStT 

where ip is an ordinary real number.il In a formal perturbation series in A, we would need 
to evaluate integrals such as 



A" 
n! 



4! 



(6.4) 



Up to overall normalization we can write 



d 



2k 



-V?V2 + Jif 



e 



j=o 



(6.5) 



j=o 



25 



The integral is understood to be defined by analytic continuation to negative A. 
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Since -§jQ'^ = J^^ applications of d/dJ in the above need to be paired so that 
any factors of J are removed before finaUy setting J = 0. Therefore if we represent each 
"vertex" A^?^ diagrammaticaUy as a point with four emerging hnes (see fig. 12b), then ( |6.4| ) 
simply counts the number of ways to group such objects in pairs. DiagrammaticaUy we 
represent the possible pairings by connecting lines between paired vertices. The connecting 
line is known as the propagator {^p^) (see fig. 12a) and the diagrammatic rule we have 
described for connecting vertices in pairs is known in field theory as the Wick expansion. 



(a) (b) 
Fig. 12: (a) the scalar propagator, (b) the scalar four-point vertex. 

When the number of vertices n becomes large, the allowed diagrams begin to form 
a mesh reminiscent of a 2-dimensional surface. Such diagrams do not yet have enough 
structure to specify a Riemann surface. The additional structure is given by widening the 
propagators to ribbons (to give so-called "fat" graphs) . From the standpoint of ( |6.3D , the 
required extra structure is given by replacing the scalar iphy aiv N x N hermitian matrix 
M*j. The analog of ( |6.5D is given by adding indices and traces: 



-trMV2 ■ ■ d d -trMV2 + tr JM 
e ' M'\, ■■■M*"- = — — e ' 



j=o 



d d trJV2 

e 



(6.6) 



where the source is as well now a matrix. The measure in ( |6.6|) is the invariant dM = 
rii ni<j dReM^j dlmM^j, and the normahzation is such that /^je'^''^'/^ = 1. To 

calculate a quantity such as 



^ / .-'^"'''i\uMr , (6.7, 

^! Jm 



we again lay down n vertices (now of the type depicted in fig. 13b), and connect the legs 
with propagators {M'^jM^i) = SI dj (fig. 13a). The presence of upper and lower matrix 



78 



indices is represented in fig. 13 by the double and it is understood that the sense of 

the arrows is to be preserved when linking together vertices. The resulting diagrams are 
similar to those of the scalar theory, except that each external line has an associated index 
z, and each internal closed line corresponds to a summation over an index j = 1, . . . , N. 
The "thickened" structure is now sufficient to associate a Riemann surface to each diagram, 
because the closed internal loops uniquely specify locations and orientations of faces. 



(a) (b) 
Fig. 13: (a) the hermitian matrix propagator, (b) the hermitian matrix four-point vertex. 

To make contact with the random triangulations discussed earlier, we consider the 
diagrammatic expansion of the matrix integral 



(with M an N X N hermitian matrix, and the integral again understood to be defined by 
analytic continuation in the coupling g.) The term of order in a power series expansion 
counts the number of diagrams constructed with n 3-point vertices. The dual to such a 
diagram (in which each face, edge, and vertex is associated respectively to a dual vertex, 
edge, and face) is identically a random triangulation inscribed on some orientable Riemann 
surface (fig. 11). We see that the matrix integral ( |6.^ ) automatically generates all such 
random triangulations.il 

Since each triangle has unit the of the surface is just n. We can thus make 
formal identification with ( |6.1|) by setting g = e~^. Actually the matrix integral generates 
both connected and disconnected surfaces, so we have written on the left hand side of 



This is the same notation employed in the large expansion of QCD 

Had we used real symmetric matrices rather than the hermitian matrices M, the two indices 
would be indistinguishable and there would be no arrows in the propagators and vertices of fig. 13. 
Such orientationless vertices and propagators generate an ensemble of both orientable and non- 
orientable surfaces, and have been studied, e.g., in 
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). As familiar from field theory, the exponential of the connected diagrams generates 
all diagrams, so Z as defined above represents contributions only from connected surfaces. 
We see that the /ree energy from the matrix model point of view is actually the 'partition 
junction Z from the 2d gravity point of view. 

There is additional information contained in A^, the size of the matrix. If we change 
variables M M\/N in (|6.8| ), the matrix action becomes A^tr(— ^trM^ + ^rtrM'^), with an 
overall factor of A^.il This normalization makes it easy to count the power of associated 
to any diagram. Each vertex contributes a factor of A^, each propagator (edge) contributes 
a factor of A^~^ (because the propagator is the inverse of the quadratic term), and each 
closed loop (face) contributes a factor of A^ due to the associated index summation. Thus 
each diagram has an overall factor 

^V-E+F =NX = N2-2h ^ ^g_9) 

where x is the Euler character of the surface associated to the diagram. We observe that 



the value N = e"^ makes contact with the coupling 7 in (|6.1|) . In conclusion, if we take 
g = and A^ = e''', we can formally identify the continuum limit of the partition function 
Z in ( |6.8| ) with the Z defined in (|6.1| ). The metric for the discretized formulation is not 
smooth, but one can imagine how an effective metric on larger scales could arise after 
averaging over local irregularities. In the next section, we shall see explicitly how this 
works. 

(Actually ( |67^ ) automatically calculates (§T|) with the measure factor in ( |6.2| ) cor- 
rected to J2s \G(S) \ ' ^^^^^ l^('S')| is the order of the (discrete) group of symmetries of the 
triangulation S. This is familiar from field theory where diagrams with symmetry result 
in an incomplete cancellation of l/n!'s such as in ( |6.4| ) and (|6.7|) . The symmetry group 



G{S) is the discrete analog of the isometry group of a continuum manifold.) 

The graphical expansion of ( |6.8| ) enumerates graphs as shown in fig. 11, where the 
triangular faces that constitute the random triangulation are dual to the 3-point vertices. 
Had we instead used 4-point vertices as in fig. 13b, then the dual surface would have square 
faces (a "random squarulation" of the surface), and higher point vertices {gk/N^/'^~^)tiM^ 
in the matrix model would result in more general "random polygonulations" of surfaces. 



Although we could as well rescale M — > M/g to pull out an overall factor of N/g"^, note that 
A'' remains distinguished from the coupling g in the model since it enters as well into the traces 
via the N x N size of the matrix. 
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(The powers of associated with the couphngs are chosen so that the rescahng M 
M\/N results in an overaU factor of multiplying the action. The argument leading to 
( |6.9|) thus remains valid, and the power of continues to measure the Euler character of 
a surface constructed from arbitrary polygons.) The different possibilities for generating 
vertices constitute additional degrees of freedom that can be realized as the coupling of 2d 
gravity to different varieties of matter in the continuum limit. 

6.3. The continuum limit 

From ( |6.9| ), it follows that we may expand Z in powers of A^, 

Z{g) = N^Zoig) + Zi{g) + N-^Z2{g) + • • • = N'^-'^^Z^ig) , (6.10) 

where Zh gives the contribution from surfaces of genus h. In the conventional large A^ 
limit, we take N ^ oo and only Zq, the planar surface (genus zero) contribution, survives. 
Zq itself may be expanded in a perturbation series in the coupling g, and for large order n 
behaves as (see for a review) 

Zo{g) ~ ^^'''~\9/9.r - {9c - gf-^'^' ■ (6.11) 

n 

These series thus have the property that they diverge as g approaches some critical coupling 
g^. We can extract the continuum limit of these surfaces by tuning g gc- This is because 
the expectation value of the area of a surface is given by 

{A) = in) = ^ In Zoig)r^^— 
og 9 -9c 

(recall that the area is proportional to the number of vertices n, which appears as the 
power of the coupling in the factor g'^ associated to each graph). As (7 — > (7^, we see that 
A ^ 00 so that we may rescale the area of the individual triangles to zero, thus giving a 
continuum surface with finite area. Intuitively, by tuning the coupling to the point where 
the perturbation series diverges, the integral becomes dominated by diagrams with infinite 
numbers of vertices, and this is precisely what we need to define continuum surfaces. 

There is no direct proof as yet that this procedure for defining continuum surfaces is 
"correct," i.e. that it coincides with the continuum definition ( |6.1| ). We are able, however, 
to compare properties of the partition function and correlation functions calculated by 
matrix model methods with those (few) properties that can be calculated directly in the 
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continuum, as reviewed in preceding chapters. This gives imphcit confirmation that the 
matrix model approach is sensible and gives reason to believe other results derivable by 
matrix model techniques (e.g. for higher genus) that are not obtainable at all by continuum 
methods. In sec. 8.2, we shall give a more precise formulation of what we mean by the 
continuum limit. 

One of the properties of these models derivable via the continuum Liouville approach 
is a "critical exponent" Fgtr, defined in terms of the area dependence of the partition 
function for surfaces of fixed large A as 

Z{A) ~ . (6.12) 

Recall that the unitary discrete series of conformal field theories is labelled by an integer 
m > 2 and has central charge D = 1 — 6/m(m + 1) (for a review, see e.g. [^), where the 
central charge is normalized such that D = 1 corresponds to a single free boson. If we 
couple conformal field theories with these fractional values of D to 2d gravity, we see from 
( p. 22 ) the continuum Liouville theory prediction for the exponent Fgtr 



r,tr = ^{D~l-^{D-l){D-25))= -- . (6.13) 
12 m 

The case m = 2, for example, corresponds to D = and hence Fgtr = — ^ for pure gravity. 
The next case m = 3 corresponds to = 1/2, i.e. to a 1/2-boson or fermion. This is the 
conformal field theory of the critical Ising model, and we learn from (|6.13|) that the Ising 
model coupled to 2d gravity has Fstr = 

In chapt. 7 we shall present the solution to the matrix model formulation of the prob- 
lem, and the value of the exponent Fgtr provides a coarse means of determining which 
specific continuum model results from taking the continuum limit of a particular matrix 
model. Indeed the coincidence of Fgtr and other scaling exponents (defined in chapt. ||) 
calculated from the two points of view were originally the only evidence that the contin- 
uum limit of matrix models was a suitable definition for the continuum problem of interest. 
Subsequently, the simplicity of matrix model results for correlation functions has spurred 
a rapid evolution of continuum Liouville technology so that as well many correlation func- 
tions can be computed in both approaches and are found to coincide.il 
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In particular, following the confirmation that the matrix model approach reproduced the 



scaling results of |3S], some 3-point couplings for order parameters at genus zero were calculated 
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6.4- A first look at the double scaling limit 

Thus far we have discussed the naive N ^ oo Hmit which retains only planar surfaces. 
It turns out that the successive coefficient functions Zh{g) in ( |b.lUD as well diverge at 
the same critical value of the coupling g = (this should not be surprising since the 
divergence of the perturbation series is a local phenomenon and should not depend on 
global properties such as the effective genus of a diagram). As we saw in ( p.21|) , for the 
higher genus contributions (|6.11| ) is generalized to 



n 

We see that the contributions from higher genus (x < 0) are enhanced as (7 — > g^. This 
suggests that if we take the limits N 00 and g ^ gc not independently, but together 
in a correlated manner, we may compensate the large high genus suppression with a 
g ^ g^ enhancement. This would result in a coherent contribution from all genus surfaces 



To see how this works explicitly, we write the leading singular piece of the Zh{g) as 
Then in terms of 

= N{g - c/j(2-^^*-^)/2 ^ ^gj5^ 
the expansion ( |6.10| ) can be rewritten0 

Z = K-^fo + fi + ^^'f2 + ... = J2 ^ • (6-16) 

h 

The desired result is thus obtained by taking the limits N 00, g —>■ g^ while holding 



fixed the "renormalized" string coupling k of (|6.15| ). This is known as the "double scaling 
limit." ( |6.16|) is an asymptotic expansion for k — 0. In sees. 7.3, 7.4 below, we show how 
to find a function Z{k) with identically that asymptotic expansion. 



in 1 85] from the standpoint of ADE face models on fluctuating lattices. The connection to KdV (to 



be reviewed in sec. 7.4 here) was made in |34], and then general correlations of order parameters 
(not yet known in the continuum) were calculated in [ pO| . Using techniques described in sec. \3.!^ 
continuum calculations of the correlation functions (when they can be done) have been found to 
agree with the matrix model (for a review, see fl^ ). For D = 1, the matrix model approach of 
^ was used in ||90|,|91|| (also [p2|,|93||) to calculate a variety of correlation functions. These 



were also calculated in the collective field approach |76-97| where up to 6-point amplitudes were 



derived, and found to be in agreement with the Liouville results of |4S]. 

Strictly speaking the first two terms here have additional non-universal pieces that need to 
be subtracted off. 
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7. Matrix Model Technology I: Method of Orthogonal Polynomials 

The large limit of the matrix models considered here was originally solved by saddle 
point methods in [^. In this chapter we shall instead present the orthogonal polynomial 



solution to the problem ([Q and references therein) since it extends readily to subleading 
order in (higher genus corrections). 

7.1. Orthogonal polynomials 

In order to justify the claims made at the end of sec. \6.^ , we introduce some formalism 
to solve the matrix models. We begin by rewriting the partition function ( p.8| ) in the form 

z -try(M) rSL^^ -E.^A.) 



e 



dM e = / n A2(A) e ' " , (7.1) 



where we now allow a general polynomial potential V{M). In (|7.1|) , the A^'s are the N 
eigenvalues of the hermitian matrix M, and 

A(A) = n(A, - A.) (7.2) 

i<j 

is the Vandermonde determinant. Due to antisymmetry in interchange of any two eigen- 
values, (|7.2|) can be written A(A) = det A'^"^ (where the normalization is determined by 
comparing leading terms). In the case = 3 for example we have 



(A3-A2)(A2-Ai)(A3-Ai) 




(|7.1| ) may be derived via the usual Fadeev-Popov method: Let Uo be the unitary matrix such 
that M = UqA'Uo, where A' is a diagonal matrix with eigenvalues A^. The right hand side of ( [7.1D 
follows by substituting the definition 1 = f Yl.dXidU S{UMU^ - A) A^(A) (where f dU = 1). 
We first perform the integration over M, and then U decouples due to the cyclic invariance of the 
trace so the integration over U is trivial, leaving only the integral over the eigenvalues Xi of A. 
To determine A(A), we note that only the infinitesimal neighborhood [/ = (! + T)Uo contributes 
to the U integration, so that 

. N 

1= HdX^dUS^'^UMU^ -A)A\X)= / dT<5^(^-^)([T,A'])A^(A') . 

i=l 



Now [T,A']ij = Tij{X'j — X'i), so ( [7.21 ) follows (up to a sign) since the integration dT above is over 
real and imaginary parts of the off-diagonal Tij's. 



84 



The now-standard method for solving (|0|) makes use of an infinite set of polynomials 
Pn(A), orthogonal with respect to the measure 

/oo 
dA e-^(^) P„(A) P^(A) = K . (7.3) 
-oo 

The PnS are known as orthogonal polynomials and are functions of a single real variable A. 
Their normalization is given by having leading term Pn{X) = A" + . . ., hence the constant 
hn on the r.h.s. of ( |7.3|) . Due to the relation 

A(A) = det Xl~^ = det P,-i(A,) (7.4) 

(recall that arbitrary polynomials may be built up by adding linear combinations of 
preceding columns, a procedure that leaves the determinant unchanged), the polynomi- 
als Pn can be employed to solve (|7?1]). We substitute the determinant det Pj-i{Xi) = 
^(— l)'^ rifc Pik-ii^k) for each of the A(A)'s in ( |7.1| ) (where the sum is over permutations 
ik and (— l)'^ is the parity of the permutation). The integrals over individual A^'s factorize, 
and due to orthogonality the only contributions are from terms with all Pi(Aj)'s paired. 
There are A^! such terms so (|7.1| ) reduces to 

^ N-l N-1 

e=ml[h, = m n fk-' , (7.5) 

i=Q k=l 

where we have defined fk = hk/hk-i. 

In the naive large limit (the planar limit), the rescaled index k/N becomes a 
continuous variable ^ that runs from to 1, and fk/N becomes a continuous function 
/(^). In this limit, the partition function (up to an irrelevant additive constant) reduces 
to a simple one- dimensional integral: 

= ^ E(l - ^/^) 1^/^ ~ /' ^^(1 - ln/(0 ■ (7.6) 
k -^^ 

To derive the functional form for f{^), we assume for simplicity that the potential 
V{X) in ( |7.3| ) is even. Since the Pi's form a complete set of basis vectors in the space 
of polynomials, it is clear that APn(A) must be expressible as a linear combination of 
lower Pi's, XPn{X) = J27=o ^i^iW (with = h^^ J e~^XPnPi). In fact, the orthogonal 
polynomials satisfy the simple recursion relation, 

XPn=Pn+l+rnPn-l . (7.7) 
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with a scalar coefficient independent of A. Tliis is because any term proportional to 
in the above vanishes due to the assumption that the potential is even, J e~^A Pn Pn = 0. 
Terms proportional to Pi for i < n — 1 also vanish since / e-^PnXPi = (recall XPi IS a 
polynomial of order at most z + 1 so is orthogonal to Pn for i + 1 < n). 

By considering the quantity P^XPn-i with A paired alternately with the preceding or 
succeeding polynomial, we derive 



Pn A Pn — 1 hn — 1 ■ 



-V 



This shows that the ratio fn = hn/hn-i for this simple casel22l is identically the coefficient 
defined by (|7.7|) , fn = Vn- Similarly if we pair the A in P^XPn before and afterwards, 
integration by parts gives 

nhn = je-''P;^XPn = j e-"^ P'^rnPn-l=rn j e-"^ V PnPn-1 . (7.8) 

This is the key relation that will allow us to determine r„. 

7.2. The genus zero partition function 

Our intent now is to find an expression for = r„ and substitute into ( [7.6|) to 
calculate a partition function. For definiteness, we take as example the potential 



X" A6 
A3 A^ 



(7.9) 



with derivative gV'{X) = A + 2— + 36 

N N'^ 



The right hand side of ( |7.8| ) involves terms of the form J e~^ A^^"^ Pn Pn-i- According to 
( [7771 ) , these may be visualized as "walks" of 2p — 1 steps {p — 1 steps up and p steps down) 
starting at n and ending at n — 1 , where each step down from m to m — 1 receives a factor 
of rm and each step up receives a factor of unity. The total number of such walks is given 
by (^^~^), and each results in a final factor of hn-i (from the integral / e~^ Pn-i Pn-i) 
which combines with the to cancel the hn on the left hand side of (|7.8|) . For the potential 
(frgP, ( [TSD thus gives 

gn = rn + -^r„(r„+i + + r^-i) + ^(10 terms) . (7.10) 



In other models, e.g. multimatrix models, fn = hn/hn-i has a more complicated dependence 
on recursion coefficients. 
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(The 10 rrr terms start with r^(r^ + + ^^-i + • • ■) and may be found e.g. in [p8| .) 

As mentioned before ( [7.6|) , in the large hmit the index n becomes a continuous 
variable ^, and we have r^/N — * r(^) and rn±i/N — > ±£), where £ = 1/N. To leading 
order in 1/N, (|7.10|) reduces to 



9 (7.11) 
= g^+lW"\r=rMO-rcT + ... . 

In the second line, we have expanded W{r) for r near a critical point Vc at which W'\r=rc — 
(which always exists without any fine tuning of the parameter 6), and = W{rc). We 
see from (|7.11|) that 

^ - ~ {9c -90^^^ ■ 



For a general potential V{X) = ^ J2p '^p (|7.9| ), we would have 



^w = E«pf^^'- (7-12) 



p 



To make contact with the 2d gravity ideas of chapt. ^, let us suppose more generally 
that the leading singular behavior of /(^) (= r(^)) for large N is 

fi0-fc--i9c-90~'^''' (7.13) 

for g near some g^ (and ^ near 1). (We shall see that Fstr in the above coincides with the 
critical exponent Fstr defined in (|6.12|) .) The behavior of (|7.6|) for g near g^ is then 



n 

(7.14) 

Comparison with (|6.12| ) shows that the large area (large n) behavior identifies the exponent 



Fgtr in ( [7.13| ) with the critical exponent defined earlier. We also note that the second 
derivative of Z with respect to x = g^ — g has leading singular behavior 



From ( |7.13| ) and ( |7.14[ ) we see that the behavior in ( [7.11| ) implies a critical exponent 



Fstr = —1/2. From (|6.13| ), we see that this corresponds to the case D = 0, i.e. to pure 
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gravity. It is natural that pure gravity should be present for a generic potential. With 
fine tuning of the parameter b in ( [7.9|) , we can achieve a higher order critical point, with 
W\r=r^ = W"\r=r^ = 0, and heuce the r.h.s. of ( |7.11j ) would instead begin with an (r — Tc)'^ 
term. By the same argument starting from ( [7.13| ), this would result in a critical exponent 
Fgtr = —1/3. With a general potential V{M) in (ffJ]), we have enough parameters to 
achieve an m^^ order critical point at which the first m — 1 derivatives of W{r) vanish 
at r = Tf,. The behavior is then r — ~ {g^ — gO^^^ with associated critical exponent 
Fstr = — 1/m. As anticipated at the end of sec. we see that more general polynomial 
matrix interactions provide the necessary degrees of freedom to result in matter coupled 
to 2d gravity in the continuum limit. 

7. 3. The all genus partition function 

We now search for another solution to ( [7. 10] ) and its generalizations that describes the 
contribution of all genus surfaces to the partition function ([7.61). We shall retain higher 



order terms in in (|7.10| ) so that e.g. (|7.11| ) instead reads 



g^ = Wir) + 2r(^) (r(^ + e) + - e) - 2r(0) 

= g,+ \W"\r=r^ {r{i) - r,)' + 2r(0 {r{i + e) + - e) - 2r(0) + ■ ■ • ■ 



As suggested at the end of sec. \6.4 , we shall simultaneously let — oo and g ^ g^ in 
a particular way. Since g — g^ has dimension [length]'^, it is convenient to introduce a 
parameter a with dimension length and let g — g^. = K~'^/^a^, with a 0. Our ansatz 
for a coherent large N limit will be to take e = 1/N = a^^"^ so that the quantity = 
(g — g^^/^N remains finite as g ^ g^ and N oo. 

Moreover since the integral (|7.6|) is dominated by ^ near 1 in this limit, it is convenient 



to change variables from ^ to z, defined by gc~ gC = cl^z. Our scaling ansatz in this region 
is r(^) = Tc + au{z). If we substitute these definitions into (|7.11D , the leading terms are of 
order and result in the relation ~ z. To include the higher derivative terms, we note 
that 

r{i + £) + r{i -e)- 2r(0 ~ = ~ ' 

where we have used e{d/d^) = —ga^/'^{d / dz) (which follows from the above change of 
variables from ^ to z). Substituting into ( |7.16| ), the vanishing of the coefficient of 
implies the differential equation 

z = u'' - -u" (7.17) 



(after a suitable rescaling of u and z). In ( [7.15|) , we saw that the second derivative of the 
partition function (the "specific heat") has leading singular behavior given by /(^) with 
^ = 1, and thus by u{z) for z = {g — Qf^j/o? = The solution to (|7.17| ) characterizes 

the behavior of the partition function of pure gravity to all orders in the genus expansion. 
(Notice that the leading term is w ~ z^^'^ so after two integrations the leading term in Z 
is z^/"^ = consistent with ( |6.16|) .) 

Eq. (|7.17| ) is known in the mathematical literature as the Painleve I equation. The 
perturbative solution in powers of = takes the form u = ^^''^(1 — X]fc=i '^^fc^"^'^^^), 

where the Uk are all positive.ii This verifies for this model the claims made in eqs. ( |6.14| - 
S.16| ). For large /c, the Uk go asymptotically as (2/c)!, so the solution for u{z) is not Borel 



summable (for a review of these issues in the context of 2d gravity, see e.g. [p.00|| ). Our 
arguments in chapt. |^ show only that the matrix model results should agree with 2d gravity 
order by order in perturbation theory. How to insure that we are studying nonperturbative 
gravity as opposed to nonperturbative matrix models is still an open question. Some of the 
constraints that the solution to ( [7.17|) should satisfy are reviewed in [p.01|| . In particular it 



is known that real solutions to ( [7. IT] ) cannot satisfy the Schwinger-Dyson (loop) equations 
for the theory. 

In the case of the next higher multicritical point, with b in ( [7.11| ) adjusted so that 
W = W" = at r = Tc, we have W{r) ^ Qc + ^W"'\r=rc{r — rc)^ + . . . and critical 
exponent Fstr = —1/3. In general, we take g — g^, = ^^/'■'"'^"^"^•'a^, and e = 1/N = 0^"^=*"^ 
so that the combination 

(^7-^7c)'"'^"-/'Ar = «-i (7.18) 

is fixed in the limit a ^ 0. The value ^ = 1 now corresponds to z = ^ ^^le 

string coupling = 2;'"=*'^"^. The general scaling scaling ansatz is r(^) = + a~'^^^^''u{z), 
and the change of variables from ^ to 2; gives e{d/d^) = —ga~^''^''{d/dz). 

For the case Fgtr = —1/3, this means in particular that r(^) = + a?^^u{z), = 
z~'^/^, and e{d/d^) = —go}/^-^. Substituting into the large limit of ( [7.101 ) gives (again 
after suitable rescaling of u and z) 

z = u^ ~uu" -\{u'f + au"" , (7.19) 



The first term, i.e. the contribution from the sphere, is dominated by a regular part which 
has opposite sign. This is removed by taking an additional derivative of u, giving a series all of 
whose terms have the same sign — negative in the conventions of ( [7.17] ). The other solution, with 
leading term —z^^"^^ has an expansion with alternating sign which is presumably Borel summable, 
but not physically relevant. 
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with a = jq- The solution to ( 7.19 ) takes the form u = + "^k z~'^^f^). It turns out 

that the coefficients uu in the perturbative expansion of the solution to (|7.19|) are positive 
definite only for a < so the 3**^ order multicritical point does not describe a unitary 
theory of matter coupled to gravity. Although from ( |S.13[ ) we see that the critical exponent 
Tstr = — 1/3 coincides with that predicted for the (unitary) Ising model coupled to gravity, 
it turns out ||102| , p8| , p!03| that ( [7.19| ) with a = instead describes the conformal field 
theory of the Yang-Lee edge singularity (a critical point obtained by coupling the Ising 
model to a particular value of imaginary magnetic field) coupled to gravity. The specific 
heat of the conventional critical Ising model coupled to gravity turns out (see sec. 7.5) to 
be as well determined by the differential equation (|7.19|) , but instead with a—-^. 
For the general w}^ order critical point of the potential VK(r), 

W{r) =g^- a{r, - r)^ , (7.20) 

we have seen that the associated model of matter coupled to gravity has critical exponent 
Fstr = —1/m. With scaling ansatz r(^) = + a^/™'w(z), we find leading behavior u ~ 
z^/"* (and Z ~ _ ^-2 expected). The differential equation that results from 

substituting the double scaling behaviors given before (|7.19D into the generalized version 
of ( [7.10| ) turns out to be the m}^ member of the KdV hierarchy of differential equations (of 
which Painleve I results for m = 2). In the next section, we shall provide some marginal 
insight into why this structure emerges. 

The one-matrix models reproduce the (2, 2m— 1) minimal models (in the nomenclature 
mentioned after ( |2.22|) ) coupled to quantum gravity. The remaining (p, q) models coupled 
to gravity can be realized in terms of multi-matrix models (to be defined in sec. 7.6). 

7.4. The Douglas Equations and the KdV hierarchy 

We now wish to describe superficially why the KdV hierarchy of differential equations 
plays a role in 2d gravity. To this end it is convenient to switch from the basis of orthogonal 



polynomials Pn employed in sec. |7. to a basis of orthonormal polynomials n„(A) = 
PnW/VKi that satisfy 

/"OO 

dAe-^n„n^ = 5„^ . (7.21) 



In terms of the 11^ eq. ( |7.7| ) becomes 



An„ = y ^^j^ Un + r^^ ^^j^ n^-i = y/rn+i n„+i + v^n^-i 

Qnm ■ 
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In matrix notation, we write this as AH = QII, where the matrix Q has components 



Qnm ^/^•m.^•m.,n-\-l "(~ \Jf'n '^m+l ,n • (7.22) 



Due to the orthonormaUty property ( [7.21|) , we see that / e ^AH^ 11^ = Qnm = Qmn, and 



Q is a symmetric matrix. In the continuum hmit, Q will therefore become a hermitian 
operator. 

To see how this works explicitly [^ , 104 |, we substitute the scaling ansatz r{£) = 



r, 



+ a'^^'^u{z) for the m^^ multicritical model into (|7.22| ), 



Q ^ (r, + a2/-^x(z))i/2 e ^« + e (r, + a''^u{z)Y''' . 
With the substitution — »• ~fl"^^^"^^5 find the leading terms 

„2/m 

Q = 2ry2 + + r.K'dl) , (7.23) 



of which the first is a non-universal constant and the second is a hermitian 2"*^ order 
differential operator. 

The other matrix that naturally arises is defined by differentiation, 

J-n„ = A^^n^ , (7.24) 

OA 

and automatically satisfies [A, Q] = 1. The matrix A does not have any particular symme- 
try or antisymmetry properties so it is convenient to correct it to a matrix P that satisfies 
the same commutator as A. From our definitions, it follows that 

= y"^(n^n^e-^) ^ A + A^^V\Q), 

where we have differentiated term by term and used j e~^A^ lin Hm = {Q^)nm- The matrix 
P = A — }^V'{Q) = ^{A — A^) is therefore anti-symmetric and satisfies 

[P,Q]=1. (7.25) 

To determine the order of the differential operator Q in the continuum limit, let 
us assume for example that the potential V is of order 2£, i.e. V = X]fc=o '^^ -^^^ 
m > n, the integral Amn = J ©"^n^^II^ = J e~^V' UnT^m may be nonvanishing for 
m — n < 21—1. That means that Pmn 7^ for |m — n| < 2£ — 1, and thus has enough 
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parameters to result in a (2£ — 1)^* order differential operator in the continuum. The single 
condition W = results in P tuned to a 3'^'^ order operator, and the i — 1 conditions 
W' = ... = 1^(^-1) = allow P to be realized {2i — ly^ order differential operator. In 
( [7.23| ) , we see that the universal part of Q after suitable rescaling takes the form Q = cP—u. 
For the simple critical point W = 0, the continuum limit of P is the antihermitian operator 



P = d'^ — d}, and the commutator 



3 2 1 // 



1 = [P, Q] = 4R'^ = i^-u' - -u") (7.26) 

is easily integrated with respect to z to give an equation equivalent to ( [7.17| ), the string 
equation for pure gravity. In ( [7.26|) , the notation R2 is conventional for the first member 
of the ordinary KdV hierarchy. The emergence of the KdV hierarchy in this context is 
due to the natural occurrence of the fundamental commutator relation (|7.25| ), which also 



occurs in the Lax representation of the KdV equations. (The topological gravity approach 
has as well been shown at length to be equivalent to KdV, for a review see [ 105| , 106 |.) 
In general the differential equations 

[P,Q] = 1 (7.27) 

that follow from ( |7.25| ) may be determined directly in the continuum. Given an operator Q, 
the differential operator P that can satisfy this commutator is constructed as a "fractional 
power" of the operator Q. This method of formulating the continuum theory has a beautiful 
generalization to a larger class of theories, which is defined in the following two sections. 

7.5. Ising Model 

The first extension of the method of orthogonal polynomials occurs in the solution of 
the Ising model. The partition function of the Ising model on a random surface can be 
formulated using the two-matrix model: 

e = / dUdV e ^ ^ , (7.28) 



where U and V are hermitian N x N matrices and if is a constant. In the diagrammatic 
expansion of the right hand side, we now have two different quartic vertices of the type de- 
picted in fig. 13b, corresponding to insertions of U"^ and V^. The propagator is determined 
by the inverse of the quadratic term, 

1 -c\~^ 1 fl c 



-C 1 J 1 - c2 V C 1 
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We see that double lines connecting vertices of the same type (either generated by [/^ or 
V^) receive a factor of 1/(1 — c^), while those connecting vertices to vertices receive 
a factor of c/(l — c^). 

This is identically the structure necessary to realize the Ising model on a random 
lattice. Recall that the Ising model is defined to have a spin a = ±1 at each site of 
a lattice, with an interaction aiaj between nearest neighbor sites (ij). This interaction 
takes one value for equal spins and another value for unequal spins. Up to an overall 
additive constant to the free energy, the diagrammatic expansion of (|7.28| ) results in the 
2d partition function 

lattices spin 

configurations 

where H is the magnetic field. The weights for equal and unequal neighboring spins are 
e^^, so fixing the ratio e^^ = 1/c relates the parameter c in ( [7. 28) ) to the temperature 
p. It turns out that the Ising model is much easier to solve summed over random lattices 
than on a regular lattice, and in particular is solvable even in the presence of a magnetic 
field. This is because there is much more symmetry after coupling to gravity, since the 
complicating details of any particular lattice (e.g. square) are effectively integrated out. 
We briefiy outline the method for solving ( [7.28|) (see [p.07| , p8| , p!03[] for more details). 



By methods similar to those used to derive (|7.1j ), we can write ( [7.28|) in terms of the 
eigenvalues Xi and yi of U and V, 

Z /■ A. N A. N TT . . -W{x,,y,) 



e = J A{x) A{y) J^dxidy^e 



where W{xi, yi) = + yf — 2cxiyi + -^{e^xf + e ^yf). The polynomials we define for 
this problem are orthogonal with respect to the bilocal measure 



J dxdy e-^(^'^)Pn(x) QUy) = hn Sr^ 



(where P„ 7^ Qn for H ^ Q). The result for the partition function is identical to ( [7.5| ), 

Z 



e oc I I Aii oc I I ' , 
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and the recursion relations for this case generahze (77?), 



Pni'^^ -Pn+1 ~(~ Pn — 1 ~l~ Pn—3 5 
2/ Qmiy^ Qm-\-l ~t~ ?m Qm—1 ~l~ Qm—3 ■ 

We stiU have = hn/hn-i, and can be determined in terms of the above recursion 
coefficients (although the formulae are more complicated than in the one- matrix case). 
After we substitute the scaling ansatze described in sec. |y.5| , the formula for the scaling 
part of / is derived via straightforward algebra. The result is that the specific heat u oc Z" 
is given by ( [7.19| ) with a = 



7. 6. Multi-Matrix Models 

We now expand slightly the class of models from single matrix to multi- matrix models. 
The free energy of a particular [q — l)-matrix model, generalizing ( [7.1| ), may be written 

m 



Z = In / JJ dMi e 



In / n A(Ai)e A(Ag_i) 



1=1, g-l 
a=l,Af 

where the (for z = 1, . . . , g — 1) are N x N hermitian matrices, the A^"'' (ct = 1, . . . , A^) 
are their eigenvalues, and A(Ai) = na</3(-^!"^ ~ ^1^'') Vandermonde determinant. 

The result in the second line of ( [7.29|) depends on having q's that couple matrices along a 
line (with no closed loops so that the integrations over the relative angular variables in the 
Mi's can be performed.) Via a diagrammatic expansion, the matrix integrals in ( [7.29| ) can 



be interpreted to generate a sum over discretized surfaces, where the different matrices Mi 
represent q — 1 different matter states that can exist at the vertices. The quantity Z in 
( [7.29|) thereby admits an interpretation as the partition function of 2d gravity coupled to 
matter. 

The methods of the previous section generalize to enable the evaluation of (|7.29| ) [|108 
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7. 7. Continuum Solution of the Matrix Chains 

Following [p.08|| , we can introduce operators Qi and Pi that represent the insertions 



of Xi and d/dXi respectively in the integral ( |7.29| ). These operators necessarily satisfy 
[Pi,(5i] =1. In the N ^ oo limit, we have seen (following [^^) that P and Q become 
differential operators of finite order, say p,q respectively (where we assume p > q), and 
these continue to satisfy (|7.27 ). In the continuum limit of the matrix problem (i.e. the 



"double" scaling limit, which here means couplings in ( [7.29|) tuned to critical values), Q 
becomes a differential operator of the form 

Q = d'^ + {v,-2{z),d''-^}+ ■■■ +2vo{z), (7.30) 

where d = d/dz. (By a change of basis of the form Q — > f^^{z)Qf{z), the coefficient of 
fl?-! ]2iay always be set to zero.) The continuum scaling limit of the multi- matrix models 
is thus abstracted to the mathematical problem of finding solutions to (|7.27|) . 

The differential equations ( |7.27D may be constructed as follows. For p, q relatively 
prime, a p^^ order differential operator that can satisfy ( [7.27| ) is constructed as a fractional 
power of the operator Q of ([7.301). Formally, a q^^ root may be represented within an 



algebra of formal pseudo- differential operators (see, e.g. |109| j) as 



QV<? = d + X]{e.,d-^} , (7.31) 



i=l 



where d ^ is defined to satisfy d ^/ = J2'jLoi~^y f^''^ *^ ^- '^^^ differential equations 
describing the [p, q) minimal model coupled to 2d gravity are given by 

[Q'J', Q] = 1 , (7.32) 

where P = Q^J_^ indicates the part of Q^^'^ with only non-negative powers of d, and is a 
pth Qj^f^gj- differential operator. 

To illustrate the procedure we reproduce now the results for the one-matrix models, 
which can be used to generate (p, q) of the form (2Z — 1, 2). From (|7.23|) , these models are 
obtained by taking Q to be the hermitian operator 

Q = K = d? - u{z) . (7.33) 
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The formal expansion of ^/^ = 1/2 (^qt^ anti-hermitian operator) in powers of d is 
given by 

(where only symmetrized odd powers of d appear in this case). We now decompose 
j^i-1/2 _ 1/2 _|_^^ ^/2^ where = d^^~^ + . . . contains only non-negative powers 

of d, and the remainder i^i has the expansion 

00 

K-'^' = E {e2.-i,d-(2^-i)} = {Rud-'}+0{d-') + ... . (7.35) 

Here we have identified Ri = ei as the first term in the expansion of i^i For ^1/2, 

1/2 

for example, we find Kj^ = d and i?i = — w/4. 

The prescription ( |7.32| ) withp = 21 — 1 corresponds here to calculating the commutator 
[k\^ Ky Since K commutes with K^~^/^, we have 

[K^~^/^,K] = . (7.36) 

But since K begins at d^, and since from the l.h.s. above the commutator can have only 
positive powers of d, only the leading (d"^) term from the r.h.s. can contribute, which 
results in 

K] = leading piece of [K, 2Ri d"^] = 4R'i . (7.37) 
After integration, the equation [k'^ ^^"^ = 1 thus takes the simple form 

cRi[u]=z, (7.38) 

where the constant c may be fixed by suitable rescaling of z and u. Such a scaling is 
enabled by the property that all terms in Ri have fixed grade, namely 2/, where the grade 



of d is defined to be 1 (and u therefore has grade 2). The grade of Vq-^ in ( |7.30| ) is a for an 
operator Q of overall grade q. As we shall see shortly, this notion of grade is related to the 
conventional scaling weights of operators. It can also be used to determine the terms that 
may appear in many equations, since only terms of overall equal grade may be related. 
The quantities Ri in (|7.35D are easily seen to satisfy a simple recursion relation. From 



^z+i/2 _ KK'-y^ = K'-^/^K, we find 

= 1 + KkI-'/') + {Ri, d] . 
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Commuting both sides with K and using ( [7.37|) , simple algebra gives [ 110 

R[+^^\rT -uR[-Ui'Ri . (7.39) 

While this recursion formula only determines R[, by demanding that the Ri {I 7^ 0) 
vanish at u = 0, we obtain 



„ 1 „ 1 „ 3 2 1 // 

^0=2' Ri = --u, ^^16^~16^^ 



^^ = -32^ +32^^^ )~64^ 

Z — 1 /2 

We summarize as well the first few Kj^ , 



(4) 



(7.40) 



(7.41) 



After rescaling, we recognize R^ in ( [7.40| ) as eq. ( [7.19|) with a = j^, i.e. the equation 
for the (2,5) minimal model coupled to gravity. In general, the equations determined 
by ( |7.27| ) for general p, q characterize the partition function of the [p, q) minimal model 
(mentioned after ( p.22|) ) coupled to gravity. To realize these equations in the continuum 
limit turns out ||111| , |112|| to require only a two-matrix model of the type ( [7.29|) . The 
argument given after ( |7.25| ) for the one-matrix case is easily generalized to the recursion 
relations for the two-matrix case and shows that for high enough order potentials, there 
are enough couplings to tune the matrices P and Q to become p^^ and q^^ order differential 
operators. It is also possible to realize a c = 1 theory coupled to gravity in terms of a 
two-matrix model formulation of the 6- vertex model on a random lattice (see e.g. [0). In 
| 113|] , it is argued that one can as well realize a wide variety of D < 1 theories by means 



of a one-matrix model coupled to an external potential. 

It is possible to define a larger space of models defined by taking linear combinations 
of the above models. In the case where Q = K = — u, for example, we can consider 

^^(,)[i^^-^/^i^] = l, (7.42) 



which results after suitable rescaling in the "string equation" , 104 1 describing a general 
massive model interpolating between multicritical points, 

z^J2{k + ^)t^k)Rk[u]. (7.43) 
k=i 
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If we consider the higher operators k'^ as perturbations on pure gravity, P = 
K^^"^ + ^^^5 then their scahng weights follow from a simple argument. Since 

u ~ z^/^ for pure gravity and u has grade 2, we see that a coupling of grade a scales 
as [^]"/^, giving A = a/4 as the gravitationally dressed scaling weight of its conjugate 
operator. Now the grade of is 3 — {2j — 1) = 4 — 2j, so it couples to an operator with 
weight 1 — i/2. 

In the case of unitary minimal models, z couples to the area, so is proportional to the 
cosmological constant. In general, however, z couples to the lowest dimensional operator 
in the theory. From the point of view of a perturbed (2, 2m — 1) model, we have u ~ 2;^/"^, 
the grade of is (2m — 1) — (2j — 1) = 2m — 2j, and K^^ scales as (m — j)/m with 
respect to the lowest dimensional operator, i.e. corresponding to ct/ctQ rather than a/7 in 
( ^.25| ). If we wish to compare to Liouville scaling with respect to the area, on the other 
hand, we must multiply by a factor of cXq/'J = m/2, which results in 

i(m-i) (7.44) 

for the scaling of K^^ viewed as a perturbation of a (2, 2m — 1) model (a result we shall 
use when we expand macroscopic loops in terms of local operators in these theories). 

We can also consider the operators that correspond to these perturbations from the 
standpoint of the underlying one-matrix model. The parameters in (|7.43 ) correspond 
to perturbations to j^^ order multicritical potentials of the form ( [7.2UD , and are given in 
turn by matrix operator perturbations of the form 

^yr.■^(^(i -t]ivr] . 

(7.45) 

with VF(j)(r) = — air^ — rY . 
(Note that the integral in the first line just inverts the expression leading from V to in 

Finally, we note that for a general (p, q) model, the grade of the l.h.s. of ( |7.27| ) is 
p + q, so z will be set equal (i.e. following one integration) to a quantity with grade 
p-\-q — l. A coupling with grade a therefore scales as giving d = a/ {j)-\-q — l) 

as the gravitationally dressed scaling weight of its conjugate operator. (The grade of 
Vq-2 = (VV) is always 2, where V is the puncture operator whose two-point function 
calculates the 2"*^ derivative of the partition function, hence giving the string susceptibility 
Tstr = — 2/(p+q'— 1).) If we perturb P q'^'^ '^^'''^^ ^ , thenthsiS grade p+q—\pr—qs\, 
and hence couples to an operator of scaling weight coincident with ( |2.28D (after multiplying 
the latter by /aq-i^p-i = 2q/{p + q — 1) to take into account the coupling of z to the 
lowest dimensional operator rather than to area). 



try(,)(M)=tr / W^,){til-t)M^) 
Jo ^ 
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Exercise. Scaling of Lax operators 

a) Show that if Q is the Lax operator of order q, defining the (p, q) series, then the 
operators in (4.f 0) are 



Q 



(7.46) 



Parametrizing n = kq + a, 1 < a < q—1, we identify these operators with the topological 
field theory operators ak{Oa) which appear in |106 |. 

b) Calculate the spectrum of indices u of ( |4.7| ) we expect to find for the Wheeler- 
DeWitt wavefunctions of the Lian-Zuckerman states. 



8. Matrix Model Technology II: Loops on the Lattice 
8.1. Lattice Loop Operators 




Fig. 14: Insertion of tr $ into the matrix generating functional results in a vertex 
emanating M "spokes". 



Consider the one hermitian matrix model, as discussed in chapt. |^ (where we now 
use $ rather than M to denote the N x N hermitian matrix). In the Feynman diagram 
expansion, the insertion of the operator 

^tr*- (8.1) 

creates a vertex emanating M "spokes," as shown in fig. 14. On the dual triangulated 
surface, this operator has inserted a hole with M boundary lengths, and thus has length 
aM, where a is the lattice spacing. The factor of 1/M in (|8.1| ) is needed to take account 

99 



of the symmetry factor for the Feynman diagram. In the foUowing we wiU generaUy work 
with marked loops and discard this factor. 

To obtain macroscopic loop amplitudes we must take the continuum limit a 
and to maintain a finite physical length, we must simultaneously take M oo, holding 
some combination of a and M fixed. From this point of view, the local operators of the 
theory discussed in sec. \7. % namely linear combinations of operators of the form (|8.1|) (e.g. 
( [7.45| )), correspond instead to "microscopic loops", i.e. loops only a few lattice spacings in 
length. 

Before proceeding to make precise sense of the continuum limit, we begin with some 



heuristic remarks. Recall that in the orthogonal polynomial formalism discussed in sec. \7.4 i 
the action of was equivalent to ($cr + Q)^ , where 

Q 2ry2 + a^/m r-^/2(u + r^K^dl) . (8.2) 

Hence if we hold Ma^/"" = 2rc i fixed, we expect the loop operator to become the heat 
kernel operator, 

^tr($^^) ^ e'Q . (8.3) 

After rescaling, we can write Q = K^d^/d^^ —uiz, k), where Q is the Schrodinger operator 
associated to the model, and k is the topological coupling. A rigorous discussion of the 
above limiting procedure makes use of the free fermion formalism, implicit in the orthogonal 
polynomial technique (and described in chapt. 9). 

An alternative formulation of the lattice loop operator is 

W{L) = ^Trie^'') , (8.4) 



where L is a "chemical potential" for the length. The limiting form ( p.2| ) shows that 
these loop operators have the same continuum limit, up to a non-universal multiplicative 
renormalization. This is a useful observation for making sense of examples where Tc = 0. 

To analyze macroscopic loop amplitudes on the lattice, we introduce the resolvent 
operator 



poo 

/ dLe-'^^W{L) . (8.5) 
Jo 



Defining ^ = e'', we may interpret p as a bare boundary cosmological constant, and 
should be regarded as the lattice analog of the relation 

oo 
A=l 

between fixed area and fixed cosmological constant partition functions. 
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8.2. Precise definition of the continuum limit 

Making use of the resolvent operator ( |8.5|) , we can now present a more technical 
description of the continuum limit discussed in chapts. ^|^. To take the continuum limit of 
the lattice expressions, we first study the N ^ oo asymptotics of the correlation functions 



{N\llW{Q)\N)^Z-' I d^e-^^'-^^^^n^^^^) 

i=l i=l 



X=2-2h-B 



(8.7) 



where V{(^) = X]j>o -^i ^ polynomial interaction for This is a generating functional 
for correlation functions of B operators. As explained in sec. \6. 1\ , at fixed topology the 
functionals J^xW'^ Ci] have a lattice expansion 



^x[v:Q= E E n(^^/v^)'''nc"''^ (8-8) 

Fi,L,>0 ■D^[F,,Li] 

where V^[Fi, Li] is the set of distinct "triangulations" of a surface into Fi z-sided polygons 
with boundaries of lattice length Li. Using methods described below (in particular the loop 
equations (8.17)), one can show that the functions JF^ have the following mathematical 
properties, familiar from the study of phase transitions in statistical mechanical models. 



multicritical phase 




S: pure gravity 



multicritical point 



Fig. 15: Subspaces of successively higher codimension in coupling constant space 
corresponding to multicritical domains. 
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1) The expansions in V and are convergent in a sufficiently small neighborhood of 
the origin. To specify a neighborhood of the origin for the potential V, we first define 
a filtration on the space of potentials by requiring that V be in V^"), the space of 
polynomials of degree < n with no constant or linear term. Considered as a function 
on the space of polynomials of degree < n, we have convergence in a neighborhood of 
the origin. 

2) The expansions have a finite radius of convergence. Defining the lattice area A = 
Y^Fi, it can be established that the asymptotic behavior of the number of distinct 
triangulations goes as {V^l ~ e'^'^^'^i^*^' for A — > oo, Lj — > oo. Thus, the 
series will diverge as V approaches a real codimension one subvariety, the singular 
subvariety S of V*-"'-*, and as ^ ^ Cc from above. 

3) A priori S and could depend on the Euler character x and the choice of boundary 
component, but turn out independent of them. 

4) The variety S has subspaces of successively higher codimension corresponding to mul- 
ticritical domains, as depicted in fig. 15. For the space V^", the highest multicritical 
behavior corresponds to a point, given in 

dt 



K^"^($) = y^ y(l-(l-t(l-t)$^)' 



(This is just (|7.45 ) with normalization g^ = a = rc = l.) 
5) The critical exponents 9, 6' in (2) are "universal," which means that they only depend 

on the multicritical domain in S. On the other hand, /i^,, are "non- universal" which 

means they can vary from point to point in S. 
We can use these mathematical properties of the functions to learn about the physics of 
smooth surfaces as follows. We would like to distinguish "universal" phenomena — asso- 
ciated with smooth continuum surfaces and not with the details of lattice decompositions 
— by using the nonanalytic behavior of J^^ as we approach singular values of V, C,. The 
idea is based on the remark that the contribution of a hole with a finite lattice size, or a 
surface with a finite number of polygons, to ( ^.7|) will always be analytic in C,, V. Thus, 
the nonanalyticity in C, V must "arise from holes and surfaces whose perimeter and area 
is infinity in lattice units," that is, from smooth continuum surfaces .H 

By turning the above reasoning on its head, we define the continuum limit by isolating 
the nonanalytic dependence on Cj, V . More precisely, we must define scaling functions as 



34 



The extent to which these surfaces really are smooth is an interesting question. See [114]. 
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we approach singular values and define the continuum quantities in terms of these scaling 
functions. Note that if we use such a definition, continuum quantities are ambiguous by 
terms which are purely analytic in the coupling constants. 

8.3. The Loop Equations 

The correlation functions of may be determined by the "Schwinger-Dyson" or 

loop equations []99| , p.l5| , p.l6|| for the matrix model. 



2\ (8-11) 



The loop equations are derived by requiring that the matrix model path integral be 
independent of a change of variables. A convenient way to organize arbitrary analytic 
changes of variables is to consider the simple transformation 

(/)^(/> + e-l- . (8.10) 

C-(P 

Under ( |8.10| ), we have 

tvV{(p) trV{(p) +etYV'{(l)){C 
d(^ d(j)(l + eN^{W{C)) 
Inserting ( |8.11| ) into J d^e"^*'^^*^*'' and equating first order terms in e gives 

{{W{Of) = ^{trV'{m-<i>)-') ■ (8.12) 

We wish to expand the above in 1/A^. W is normalized so that the expansion in 1/A^ 
of (W) begins at 0(1), corresponding to the disk geometry, 

(WiO) - {W{0),^o + ^{WiC)),=^ + ■■■ ■ (8.13) 

By considering the relevant topologies contributing to ((^^(C))^)? we see that the leading 
term on the left hand side of ( p.l2|) has the topology of two disks. In general, we may 
separate the contribution of connected and disconnected geometries: 

{{wioY) = iimw + ^imoT)^ , (8.14) 

where the second term corresponds to connected geometries. Expanding V'{(p) as a poly- 
nomial in with coefficients which are polynomials in we see that (^(C))/j_o satisfies 
a quadratic equation, 

<^(0>Lo - ^'(0(W^(C)>,^o + Q(C^ ^) = ' (8-15) 

where 

QiC v) = {Q{CA)) 

Q(C^) = E^^^'^'HO^tr(</>-C)'=-^ ^'-^'^ 
fc>i 

Q is a polynomial in ( of degree deg (V) — 2 whose coefficients are linear combinations of 
Cj{V) = (tr $•'), j < deg (V) — 2. The disk amplitude is obtained by solving (|8.15| ). 
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Fig. 16: Pictorial representation of V'{d/dL) (W{L))^ 



Geometrical Interpretation: SD Equations as Loop Equations: 

The loop equations have a beautiful geometrical interpretation further justifying the 
identification of W{L) with a loop operator. Write ( |8.12[ ) in the form 

v'iOiwiO) + QiC V) = {{w{0)f + ^{mO)')l ■ (8.17) 

Taking an inverse Laplace transform, we obtain 

vi^){W(L))^ = I^L' [{WiL'))^{WiL-L'))^ + ±^^^ 
which has the pictorial representation shown in fig. 16. 
Exercise. 



Derive ( ^.18| ). Note that a polynomial in does not have an inverse Laplace 
transform. 

The full set of loop equations may be elegantly summarized by introducing a "source" 
coupling to the loop operator: 



Z[J]= J d^e-'^'^^^^^+^o^'''''''^'''^'^^'''^ 



(8.19) 



Making the change of variables $ ^ $ + ee and using the above procedures, we obtain 



^'(^)(W^W>J^]=^ dL' [{W{L'))^[J] {WiL-L'))^[J] 

+ JpiWiL') W{L - L'))) +— dL' L' {W{L + L')> JJ] 

^ 



.20) 
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for which one may draw a similar pictorial representation. 

Remark: It is possible, although slightly subtle ||115| , p.l7|] , to take the continuum limit 
of the loop equations we have derived here to write analogous equations for the continuum 
amplitudes. These continuum loop equations have many important applications, including 
for example the elimination [p.l5|| of unphysical solutions to the string equations (|7.43|). 



9. Matrix Model Technology III: Free Fermions from the Lattice 

The equivalence of matrix models to theories of free fermions is the underlying reason 
for the solvability of matrix models. In this chapter we describe the free fermion formalism. 

9.1. Lattice Fermi Field Theory 

The free-fermion formalism provides the basis for a rigorous description of the double- 
scaling limit of macroscopic loop operators. The formalism is also a very efficient way 
for calculating loops, both on the lattice and in the continuum. The formalism was first 



applied to macroscopic loop amplitudes in |104]. 



In sec. |7. ■?[ , orthogonal polynomials were introduced and it was shown that correlation 
functions are integrals of powers of A multiplying a Vandermonde determinant. Interpreting 
this determinant as a Slater determinant for a theory of free fermions, we introduce the 
second-quantized Fermi field 

oo 

^'(A) = J]a„^JA) , (9.1) 

n=0 

where '0^ are the orthonormal wavefunctions built from the orthogonal polynomials: 

^n(A) = -^Pn(A)e-i^^(^) , (9.2) 

\/hr 



and {an,aj^} = 5n,m- 

Correlation functions in the matrix model with N x N matrices are obtained by 
calculating correlation functions in the Fermi sea defined by 



(9.3) 



a„|A^) = n > 
aJ,|A^) = n<N. 

To see this, introduce the second-quantized operator for multiplication by A", 

^rt^"^ = y"dA^'^(A) A'"*(A) , (9.4) 
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and the main observation is 



/ matrix model / 

^ * (9.5) 

i 

where V = ^j>2 fi*! and ah but finitely many gi = 0. The proof of this identity uses the 
orthogonal polynomial techniques, e.g. for the one-point function: 

^^^^^^ ^ /nciA.A ^(A.)(EA-)n.e-^^(^-) 



j=0 



n^-NV(X) 



N-1 



Exercise. 

a) Prove ( p.5{ ) for two point functions using the same steps as in ( p. 61 ). 

b) Find a general proof of ( |9.E| ). 

c) Show that the lattice loop operator ( |8.4| ) and resolvent may be realized in the 
fermion formalism as 



W{L) = ^^^e^^^ 



1 (9.7) 



71 = 



9.2. Eigenvalue distributions 

We will now justify some of the statements made in sec. and indicate why the 
lattice (and hence continuum) correlation functions are computable. 

By Wick's theorem, we can express all amplitudes in terms of the fermion two-point 
function 

Kn{Xi, As) = (iV|^'t(Ai)^r(A2)|iV) . (9.8) 
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Therefore, in order to define the double scahng hmit we must study the N ^ oo asymptotic 
behavior of the kernel Kn. As explained in sec. \6.S{ , matrix model correlation functions 
have an asymptotic expansion in and are obtained from the asymptotic expansion: 

Kat ~ 5Z^'"'^^ (^i'^2) (9.9) 

j>0 

The functions Kj have support on an intervalU / which is independent of j. As a special 
case, note in particular that the diagonal of this kernel is the eigenvalue density: 

p(A) = K^(A,A) . (9.10) 

By (|9.10| ) we may identify the interval / with support of the eigenvalue density in pertur- 
bation theory. 

Exercise. Eigenvalue Density 

Show that p{X) is the probability for finding an eigenvalue with value A in a random 
matrix ensemble described by V{X). That is, show that it is the matrix expectation value 
of 



N 

^^5(A-A0. (9.11) 



i = l 



The easiest way to prove our assertions about the nature of the eigenvalue densities 
proceeds by studying the correlation functions of the resolvent operators W{(). Note that 
VF(C) is only defined for ( off the real axis since (p has real eigenvalues. Moreover, the 
discontinuity of W{() across the real axis is equal to the eigenvalue density. 

Solving the quadratic equation we see that the roots of the polynomials define sev- 
eral branch points for iO) ^-q 5 since p(A) is the discontinuity of (^(C))/j_o ' 
support of the genus zero eigenvalue density must lie on an interval or finite union of 
intervals. 

In more complicated cases the support can be on unions of intervals. 
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Fig. 17: The Wigner semicircle distribution. 



Exercise. Derivation of the Wigner Distribution 

As an example of an eigenvalue distribution, we consider the Gaussian matrix 
model. The leading term in the large A'' asymptotics of the eigenvalue distribution is 
the famous Wigner distribution 

Ki{X,X) = -L^2- A2 0(2 -A") , (9.12) 
47r 

shown in fig. 17. 

Derive the Wigner distribution from the "Schwinger-Dyson" equations of the ma- 
trix model using the above procedure. First show that for the Gaussian potential we 
have 

{mo),^, = '^{c-Ve^), (9.13) 

and from this obtain the Wigner distribution ( |9.12 ). 



The finiteness of the support of the kernels has important implications for the nonan- 
alyticity in C. Consider for example the one-point function 



(V^(C)>=^(tr 



1 / 1 \ If., K{X,X) 



-T7 / dA 



C-c^/ NJ C-A ^ ^ 

i^.(A,A) (9-14) 



C-A 



X 

The nonanalytic dependence on ( we are looking for comes from the contributions in 
the A integrals from the integrals near the edge of the support / of the eigenvalue distri- 
bution. In the last expression we may take ( real and C > Cc- We encounter nonanalytic 
behavior as ( hits the edge of the eigenvalue distribution. 

Example: Let us verify the statements about analytic dependence on C in the example 
of a Gaussian potential. Expanding C = Cc + = + ^C? or equivalently, expanding A 
around the edge of the eigenvalue distribution, we obtain a nonanalytic function of (5C)^^^ 
corresponding (formally) to the one- loop amplitude (W{i)) = 
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9.3. Double-Scaled Fermi Theory 



More generally, to prove (|9.9| ) and to investigate the scaling limit of K near the edge 



of / more thoroughly, note that using the recursion relation 

AV'n = + , (9-15) 

we may write 

N-l 

"=o (9.16) 

= vrN+1 7 7 , 

Ai — A2 

and therefore we should study the scaling limit of the orthonormal wavefunctions them- 
selves. 

As discussed in sec. \8.^ , the recursion functions r„ [V] have singular behavior asV ^ S. 
Moreover, using the recursion relations for orthogonal polynomials, as elegantly summa- 
rized in the statement [P, Q] = 1, the large n asymptotics determines a consistent ansatz 
for the following behavior. If vj^\X) is the m^^ multicritical potential, then we approach 
criticality by taking the limit: 

n/N = 1 - a'^iz - fi) 
y = e"'^yi"^) a^O Ara2+V- = K-i (9.I7) 

r^[V]^r, + a^/^u{z) . 



The recursion relation (|9.15|) implies that if "0 has well-behaved limiting behavior near the 



edge of the eigenvalue distribution Ac, 

V;^(Ae + a2/"^A) ^ aV(;2,A) (9.18) 
(here is a normalization factor), then the ip^s are eigenfunctions of the Lax operatoriS 

Qi^ = {n'^d^/dz^ -u{z,K))tp = Xtp . (9.19) 
The limiting form of ifj will be an eigenfunction of 



In the theory of the KdV hierarchy, such functions are known as Baker-Akhiezer functions. 
"^^ The eigenfunctions of Q are obtained by demanding appropriate asymptotic behavior in z 
and A, insuring convergence of integrals as 2 — > 00 and exponential decay of eigenvalue density 
off the perturbative cut as A ^ 00. 
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Example. The Gaussian potential 

We will work through in detail the fermionic formulation of the double scaling limit 
for the simplest matrix potential of all, the Gaussian potential = The Gaussian 

potential corresponds to the so-called topological point or the (1,2) point in the Lax 
operator classification described in sec. \7. % Perturbations about this point define the 
correlation functions of topological gravity, described from the point of view of topological 
field theory in |[106|| . 









l/^ 



Fig. 18: As A — > Ac, two stationary phase points coalesce at i/\/2- 



We now obtain the full asymptotics in 1/A^ of the contributions to ( p.5| ) of the integrals 
from the edge of the eigenvalue distribution. We do this first explicitly for the case of the 
Gaussian potential. In the case of a gaussian matrix potential e"^*'''^ , the orthonormal 
wavefunctions are simply 

yYl/4 



where is a Hermite polynomial, and has the integral representation 

Hr,{x) = ^ dt{x + it)''e-^ . (9.21) 



Using the stationary phase approximation, one finds two stationary points for 7^ 2. For 
< 2 we find an oscillatory function while for A^ > 2, the wavefunction is zero to all 
orders of the 1/A^ expansion. We are most interested in the behavior of the wavefunctions 
for A infinitesimally close to ±-\/2, the edge of the eigenvalue distribution. At this point, the 
two stationary phase points coalesce as in fig. 18, and by simultaneously scaling N ^ 00 
and A ^ Ac = a/2 one can obtain a well-defined limit whose asymptotics captures the 
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contribution of the edge of the eigenvalue distribution to the entire perturbation series in 
This simultaneous scaling is the fermionic version of the double scaling limit. 
In detail, let 



Na^ = K-^ n/N = l-a'^z X = V2{l + a'^X) 
and let a — s> holding k, A fixed. Then we have 



(9.22) 



lhnaVVjA)-^23/4 



1 



Ai 



z + X' 



(9.23) 



That is, the double scaling limit of the Hermite functions of the Gaussian model are Airy 
functions.ii 




Fig. 19: A magnified view of the eigenvalue distribution near the endpoint. Note 
the nearby exponential falloff and squareroot growth far from the endpoint. 



The edge of the eigenvalue distribution is at A = 0, and is given by 

p(A) = (Ai')^ - AK-2/3(Ai)2 . (9.24) 

Prom the asymptotics of Airy functions, we obtain the picture of the eigenvalue distribution 
depicted in fig. 19. This completes our example of the Gaussian potentiahil 

The appearance of these functions is directly related to the Airy functions which play a key 
role in the Kontsevich matrix model. 

We could have deduced the connection to Airy functions more directly using the WKB 
analysis of wavefunctions in a harmonic oscillator potential, but that argument does not generalize 
to other orthogonal polynomials. 
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Exercise. 

Using the asymptotics of the Airy function, show that the double-scaled eigenvalue 
density behaves like: 

n(X) ~ —A ' e 3k x —>. -|-oo 

4 (9.25) 

~ 7r( — A)^^^ A — > —oo 



Returning to the general case, we can use ( p.l8|) to find the behavior of the fermion 
two-point function in the region of interest, namely, the edge of the eigenvalue distribution. 
It is just 

K{X, + a^Z-Ai, Ae + a^Z-As) ^ a-^/^K,ont{Xu A2) , (9.26) 

where 

/■oo 

i^cont = / dzij{z, Ai) ij{z, A2) . (9.27) 
(To prove this, note that the continuum limit of the Darboux-Christoffel formula is 

V'(^, Ai)^ A2) - il^jp, A2)' jjjp, Ai) 

Ai — A2 

Taking a derivative with respect to fx, we find S^i^cont = — V'(a*7 Ai) i/^ifi, A2), and integrat- 
ing gives (|9.27| ).) From these remarks we derive the main statement of double-scaled Fermi 
theory: 

The nonanalytic dependence on coupling constants in ( |9.5|) comes from the contribu- 
tions in the integrals over A from the edge of the eigenvalue distribution. These contri- 
butions in turn may be studied by using the double-scaled fermion field theory, i.e., the 
theory of free fermions with expansion 

^(A) = j dza{z)'ilj{z,X) , (9.29) 

where i(j(z, A) is the orthonormalized eigenfunction of the Lax operator Q which is expo- 
nentially decaying for A ^ +00 and oscillatory for A ^ — 00. The free oscillators satisfy 

a{z)\fi) = {z < n) a^{z)\n) = {z > n) 

(9.30) 

{a{z),aHz')} = S{z~z') . 



112 



In particular, continuum loop amplitudes are obtained from the double-scaled operator 
creating macroscopic loops 

Wii) = j dAe^^V'^(A) . (9.31) 

Although we integrate A over the entire real axis, in fact the Laplace transform converges. 
A detailed study of the asymptotics of the Baker- Akhiezer functions shows that de- 
creases exponentially fast (as exp (-A'^+2/k)) off the region of perturbative support of 
the eigenvalue density, and oscillates with an algebraically decaying envelope within the 
region of support. On that region, the eigenvalue density grows algebraically and is Laplace 
transformable. 



10. Loops and States in Matrix Model Quantum Gravity 

10.1. Computation of Macroscopic Loops 

We now use the fermion formalism to calculate macroscopic loop amplitudes in the 
one-matrix model. Beginning with the one-loop amplitude we insert ( |9.31| ) to get one of 
the beautiful results of ||104|| ,ii 



[W{1))= K-W ) ) + K fT"^^ + 





/"OO 



+ 



OO poo 



-OO J —OO J fJ, 

OO 



dz (^le'^'^l^) . 

(10.1) 

Similarly, the connected amplitude for two macroscopic loops is easily shown to be [[104|| 



POO Pfl 

= dx dy {x\e^^^\y) {y\e^^'^\x) . 

J fl J —OO 

(10.2) 



"^^ Notice that this is valid only when the Lax operator has a continuous spectrum. This criterion 
can be used to select boundary conditions on the physically appropriate solutions to the string 



equation: for example, it selects the solutions first isolated in | 118 |. 
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The formulae ( |10.1| ) and (|10.2 ), while elegant, do not make manifest the physics of 



the models we are discussing. To address this problem, we examine these formulae at 
genus zero. Since k, counts loops, we can regard the expectation value in ( |10.1| ) as a 
"quantum-mechanical" expectation value, with k playing the role of h, and obtain the 
genus zero approximation to the loop formulae as follows. Using the Campbell-Baker- 
Hausdorff formula to separate exponentials of and u, and then inserting a complete set 
of eigenfunctions 

(p|x) = -^e^^-/^ (10.3) 

we obtain 



/•OO -1 PCO /"OO 



/ (10.4) 



d2;e" 



Let us consider this formula first for the case of pure gravity. If we wish to calculate the 
expectation value of a loop with the cosmological constant inserted, we take a derivative 
with respect to to bring the operator down from the action, yielding 

In pure gravity, the string equation is the Painleve I equation ( [7.17| ): 

- ^u" = z , (10.6) 
3 

and the genus zero equation becomes simply u{z) = z^l"^ . The matrix model result for the 
wavefunction of the cosmological constant is thus 




(10.7) 

precisely as expected from the continuum theory (e.g. sec. |^.^ ). 

Exercise. Spectrum of 2D Gravity 

Using the KPZ formula (|4.6| ), show that the spectrum of numbers u in the WdW 
equation (4.7) for the case of pure gravity is u = uj = j + ^, j > 0. 
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More generally, we may calculate the one macroscopic loop amplitude for general 
perturbed (2, 2m — 1) models coupled to gravity along the following lines. The genus zero 
limit of the string equation ( |7.43| ) can be written 

J2tjn'=0- (10.8) 

j>0 

(Note fi = —to. Recall that the tj describe the coupling to the various scaling operators 
and if the largest nonvanishing tj has j = m, we are describing 2D gravity coupled to the 
(2, 2m — 1) minimal model.) Using (|10.8|) , can explicitly evaluate the loop amplitude as 



(10.9) 



where 

tl^jix) = jlx-^-^/^{l + x + x'^/2\ + ---x^/jl)e-'' , (10.10) 

and i = u£. (We assume here that all but finitely many tj are nonzero.) The relation of 
these amplitudes to the Bessel functions of the continuum theory is less evident than in 
( p.0.7| ) and will be explained in sec. 10.3. 

Similarly, we can study the genus zero approximation to the propagator as 



2v^ 



e 



-to J — oo 
-u(m)(^1+^2) 



:io.iii 



+ ^2 



Exercise. 

Prove (10.11) by inserting ( |10.3| ) into (10.2). Similarly, try to prove 



W{h) W{l2) W{h)) = 2^yW^e-"('i+'2+'3) . (10.12) 



dto 

(We will prove this more efficiently below. ^ 
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10.2. Loops to Local Operators 

By shrinking the loops we can obtain correlation functions of the local operators. 
This intuition comes from the critical string example discussed in chapt. and from the 
expression for the matrix model loop operator (|8.4[ ) which is manifestly an expansion in 
local operators. 

In eq. ( [7.44|) , we saw that in the matrix model there are scaling operators oc K^^ 
scaling like e"'^^ with = i(m — j), j = 0, 1, . . . . According to ( p.88|) , the macroscopic 
loop operator has an expansion as in ( |3.87D , 



W{t) = ^l^+'^aj . (10.13) 
i>o 



Exercise. Exponents 

Use the result ( |3.88 ) to verify the expansion ( |10.13| ) using the fact that for pure 



gravity we have Q/7 = 5/2 and aj/7 = 1 — j /2, j = 0, 1, . . .. 



As we have already discussed in the context of semiclassical Liouville theory, the 
expansion ( |10.13| ) is not strictly true and must be treated with care. As we see from 
( p.U.9| ) , there can be negative powers of I in the small I expansion of loop correlators. In 
sec. \3. 1 4 we showed that the £ — behavior of loop amplitudes must satisfy certain 



rules which imply that one can unambiguously extract the correlators of local operators. 
The rules of sec. \3. 1 1\ are confirmed by explicit matrix model computations. For example, 



notice that ( |10.9|) can be written as 



,1 



1 /""I"! 

The divergent terms in £ are indeed analytic in the coupling constants. Similarly, notice 
that ( |10.11| , |10.12|) are smooth as any looplength goes to zero. In general, with the rules 
(1) and (2) from the end of sec. 3.11\ in mind, we can extract correlation functions of local 



operators by shrinking macroscopic loops. 



Exercise. 

Using ( 10.12| ), calculate {an^On^Ur. 
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Exercise. The general amplitude 

Using rules (1) and (2) and the genus zero KdV flow equations, we will prove that 

{\{W{U)) = \{ej\-^] e-E^^ . (10.15) 

i = l ^ ^ 

For example, to prove the three macroscopic loop formula proceed as follows: 

CXD 

{W{h) W{l2) W{^^)) = ^i+'/'(a„M^(^2) W{h)) 

oo 

n=0 "^^^ (10.16) 

^ -2v^e-"(^^+^3) ^(_i)"+i£i. 



nl dto 

n=0 



du 



In the last line we may obtain the I dependence immediately since the amplitude must 
be totally symmetric in ^1,^2,^3- Give a complete proof of ( |10.15| ) along these lines by 
induction. 



This formula was first discovered in | 119 | from a different point of view and then 



rediscovered in [36|. The strange fact that the amplitude is essentially only a function 



of the sum of the loop lengths has never been given a simple explanation. 
10.3. Wavef unctions and Propagators from the Matrix Model 



Let us finally match the expectations of sec. U.Sj above, specifically the Bessel function 
behavior of wavefunctions, with the results of the matrix model computations of sec. \10.1 . 
At first the results appear to be very different but this turns out to be a matter of working 
in two different bases. 

One quick way to see this is to use the Gegenbauer addition formula to expand the 
genus zero propagator ( |10.11J ) in terms of Bessel functionsill 

Vt^T ^ " (2i + 1) K^^.^{l2u) + [1^2]. (10.17) 



"^^ Although we have pulled this identity out of a hat, it is quite natural. The Yukawa potential 
in three spatial dimensions, which is the Green's function for the Helmholtz operator V'^ — /U, 
is just e^'^''^!^'^^' /|ri — r2|. This Green's function may be expanded in partial waves and the 
Gegenbauer addition theorem amounts to that expansion. 
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This suggests that instead of the local operator expansion ( |10.13| ), we use a different 
expansion 



oo / 1 (iu) 

T^(£) = 5^£^+^a, = 2^a,(-l)^(2j + l)-^ll^ • (10.18) 



That is, instead of expanding the loop in terms of the functions . . . , we use 

the basis functions /1/2, -^3/2, • • • • Using the properties of /, we see that this change of basis 
is upper triangular and hence the operators aj are related to aj by an upper triangular 
transformation whose coefficients are analytic functions of m^. 

Since we isolate continuum contributions from nonanalytic dependence on couplings 
like n, we must not mix operators with coefficients that are nonanalytic in fj,. Conversely, 
we are always free to make redefinitions involving coefficients which are analytic in /i. Since 
the critical exponents ttj/7 are rational, there can be operator mixing, and hence there is 
no unique definition of scaling operators. In order for the change of basis (|10.18 ) to satisfy 



this rule, u"^ must be an analytic function of the couplings tk- One way this can happen is 
by considering perturbations around the pure gravity point where = 

The wavefunctions of the operators aj are given by shrinking one of the loops, 

{ajW{i)) =u^+^K^^i{ui) , (10.19) 



in complete agreement with the Euclidean on-shell wavefunctions of sec. [^. j| ! Thus we have 
actually done better than we had any right to expect, the minisuperspace approximation 
to the wavefunctions turned out to be exact for these boundary conditions. 

In the theory of a particle, the propagator was written in terms of on-shell and off-shell 
states as in (|5.6|) above. Similarly here we may write the matrix model propagator in a 
way which nicely summarizes the spectrum of the theory 

W{h)W{h)) ^ / — G{E) Vs(£2) , (10.20) 

Jo 27r 

where 

^(^) - + + 1)2 - ■ (10-21) 



More generally, one should look at the so-called "conformal backgrounds," which, as argued 



in pq] , are the precise matrix model couplings corresponding to a tensor product with a conformal 
(2, 2m— 1) model. An understanding of these backgrounds was needed to resolve certain paradoxes 



about one- and two-point functions in 2d gravity 36 1. 
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It is extremely interesting to note that — even for pure gravity — the third quantized 
universe propagator is not the naive minisuperspace Wheeler-DeWitt propagator ( |5.20|) . 
In particular the ultraviolet behavior of the propagator (in E) is completely different from 
the naive propagator (|5.20|) . For example, the l/E"^ behavior in the ultraviolet becomes 



g-7rE behavior. Our understanding of why this is so is incomplete. (Part of the story is 
explained in the next section.) 

In general, we can decompose amplitudes as 

{W{ii)---W{(.^)) = I \[dE,iPE^{li) A{Ei,...,E^) , (10.22) 
which (in the case of the four-point amplitude) we depict as 




By shrinking ii to zero we get an expansion in terms of local operators. Alternatively, and 
equivalently, by doing the integral over the Ei we pick up residues corresponding to the 
Euclidean on-shell states. A similar picture emerges for all the multicritical points. The 
following exercise carries this out in detail for the Ising model. 

Exercise. The Ising Model 

The Ising model has a ^2 symmetry flipping up spins for down, which, in the 
matrix model formulation described in sec. |7.u| is exchange oi U V. Letting W±{i) 
denote the ^2 odd/even loop operators show that 



'W±ih)W±{i2)) = ± 5^(j + 1/3) /,.+i/3(2V7^^i) K,+,/si2^i2) 

^ J^U + 2/3) I,+2/3{2^h) K,+2/3{2^h) . 



(10.23) 



By summing the infinite series, show that 



G{E, ±) = 27r(e-^ ± 1 + e^^) . (10.24) 

smh dirh 



Remark: We have shown that the wavefunctions (^aW{£)'^ satisfy a linear WdW equa- 
tion. On the other hand, from the Schwinger-Dyson equations ( p.l8| ) and their continuum 
analogs, we see that itself satisfies a nonlinear equation. A precise understanding 

of the relation of these has never been given (except in special cases [ p.20|| ). This is an 
interesting problem for the future. 
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Fig. 20: Two loops on a continuum surface collide. 

10.4- Redundant operators, singular geometries and contact terms 

One important and not generally discussed issue is the contribution of singular geome- 
tries to the path integral. In the case of macroscopic loop amplitudes, there are geometries 
in which loops collide to make figure-eights as in fig. 20, and as well more complicated ge- 
ometries. Our understanding of the contributions of these geometries is very incomplete, 
but there is plenty of evidence that such terms are responsible for several peculiarities of 
the matrix model answers (e.g. the cosh propagator discovered above) and perhaps lie 
at the heart of a geometrical understanding of the Lian-Zuckerman states. See also the 
discussion at the end of sec. 11. 4 below. 

11. Loops and States in the c = 1 Matrix Model 

11.1. Definition of the c = 1 Matrix Model 

There are several approaches to defining a matrix model for gravity coupled to c = 1 
matter. The most direct method is the discretization of the Polyakov path integral for a 
one-dimensional target space. 



where |A| is the number of vertices on the lattice A which is summed over Eulcr character 
2 — 2/i, and the nearest neighbor interaction L{Xi — Xj) between the bosonic fields Xi^j 
at vertices i,j is summed over links {ij) between vertices. 




(11.1) 
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The asymptotic expansion in k of the partition function ( p. 1 . 1|) can be equivalently 
generatedl^ from an integral over N x N matrices, 

r ~Ng~Hv[JdXdY lm)G-'{X-Y)^Y)+JdXV{^{X))] 
Z[N]g)=m / D$ e , 

(11.2) 

where ^{X) is an N x N hermitian matrix field, ^ is a polynomial interaction of some 
fixed order, and the propagator G{X) = exp —L{X). g is a, loop counting parameter, and 
therefore counts the number of vertices in the dual graph (identified with the area of the 
lattice) . As in sec. |g. 4 the coefficient of A^-^ in an expansion of 2 in a powers of A^^ gives 
the sum of all connected Feynman diagrams with Euler character x- As functions of g, 
these coefficients are all singular at a critical coupling g^ where the perturbation series 
diverges. The continuum limit can be extracted from the leading singular behavior as 
g g^, a limit which emphasizes graphs with an infinite number of vertices. 

Taking L{Xi — Xj) = {Xi — Xj)"^ in (|1 1 . Ij) leads to the continuum limit form 



j \/g g^'^i. Va -^) ( Vfo X) , thus providing a standard discretization of the Polyakov string 
embedded in one dimension. This quadratic choice corresponds to a gaussian propaga- 
tor, G{X) ~ exp(— X^), in the matrix model ( p. 1 . 2| ) . In momentum space, the leading small 
momentum behavior of the gaussian form (P) ~ exp coincides with that of the Feyn- 
man form G~^{P) ~ 1 + P^, which corresponds in position space to G{X) = exp(— |X|). As 
argued in 0, this substitution (corresponding to L{Xi — Xj) = \Xi ~ Xj\, with continuum 
form \g'^^ daX di,X\^/'^), should not affect the critical properties (e.g. critical exponents). 
Due to the ultraviolet convergence of the model, only its short distance, i.e. non-universal 
behavior, is affected.Eil For the same reason, continuum answers should only depend on the 
universality class of the potential V, the necessary conditions for which will be discussed 
below. For now we simply require V{(fi) to go to +oo for (p ±oo in order that ( |11.2| ) is 
well-defined. 

For the latter choice of propagators, i.e. the Feynman propagator, after rescaling $ 
we can write ( p.l.2|) as 

1 / /■ -A^/n^dXtr($2 + ^-il/( /^$)) 

-^mm(iV;^7,V^) = ^lim^T-iln(/ D$(X)e ^° vvy;;>j_ 



"^^ Note that this matrix model construction works equally well for bosons X'^, = 1, . . . , D, to 
generate strings embedded in D dimensions. For D > 1, however, the matrix model representation 
is no longer solvable. 

Indeed we will see that energies of order e ~ dominate the continuum limit. 
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Using Feynman diagrams to obtain the large asymptotics of the function T^^, we write 
(as in (|TO|) ) 

HN.g.VU^ ~ Y,N^-^'^g\^\ I dX^He-l^^-^^l , (11.4) 

A {ij) 

The quantum mechanical model ( |11.3| ) was solved to leading order in large in ||82|| . 



Interpreting the solution as the partition function ( |11.4|) of 2d gravity on a genus zero 
worldsheet coupled to a single gaussian massless field, it was shown in that the string 
susceptibility exponent, defined by the leading singular behavior Z{g) = {g^ — (7)^"^"*', 
satisfies Fgtr = 0, in agreement with the continuum prediction of The emergence 

of such physically reasonable answers in the continuum limit supports the assumption of 
universality with respect to the choice of propagator. 



We will now study the continuum limit of the integral (|11.3| ) to confirm and extend 
the above discussion. 

11.2. Matrix Quantum Mechanics 

From general principles, we see that ( p.l.3| ) is simply the ground state energy for the 



quantum mechanics of an x matrix, and was analyzed from this point of view in |82 

The reduction to free fermions can be established quickly using a path integral argu- 
ment given in |8^. In the matrix quantum mechanics, we can discretize the time coordinate 
X ^ Xi and then pass to the action 

^ = iV^tr$(X,)$(X,+i) + ^try($(X,)) . (11.5) 



We now analyze the model as a matrix chain model as in sec. 7. ^, diagonalizing 



$(X,) =0,A,0-i , (11.6) 

where = Diag(Ai(Xi), . . .X]\[{Xi)). The Vandermonde determinants all cancel except 
for the first and last. Taking the time lattice spacing to zero, we are left with a path 
integral for A^ quantum mechanical degrees of freedom Xi{t), 

Tm^{N-g,V)= lim T'^ogf / TT m,(t) A(A,(0)) A(A,(T)) 

^^"^ ti (11.7) 
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Thus we are studying the quantum mechanics of N free fermions moving in a potential 
g~^V{X^/g) with Planck's constant equal to h = l/N, 



1 ^ 



where 



1 d2 1 

+ - 



i=l 



2N^dX^ g 
To define the double scaling limit we must: 

1) Compute the asymptotic expansion as A/" — > oo, 

:Fmm-^Y.^^~^''^h{g,v) . 

2) Isolate the leading singular behavior of Th g ^ gc- 

3) Determine the scaling variable and scaling functions as g ^ gc and N ^ oo. 



t V(X) 




(Hi 



(11.9) 



(11.10) 



Fig. 21: Generic potential with quadratic maximum at A = 0. 



We begin by studying the function J^o{g,V) corresponding to genus zero surfaces. 
The potentials of interest are polynomials that have a quadratic maximum. We place this 
maximum at A = and shift V so that V{0) = 0, so that V might look as in fig. 21. To 
fix ideas, one can take 

V{X) = ~X' + \X\ (11.11) 

but it is important to note that the results hold for a large class of potentials, thus providing 
evidence that we are calculating true continuum results and not lattice artifacts. 

Since h = 1/N in our problem, the function can be calculated as the leading term in 
a semiclassical expansion using the WKB approximation. Classically the energy becomes 
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continuous and particle states are specified by points in fermion phase space (A, p). By 
the Pauh exclusion principle, we can put at most one fermion in each volume element of 
area 2'Kh in phase space. At the same time we are putting 0{l/h) distinct particles into 
the sea, so the sea covers a region of area 0{1). In the classical limit, the state described 
by the Fermi sea of the free fermions is thus a region in phase space. By the Liouville 
theorem, the time evolution of the system preserves the area of this region, so we may 
think of the region as a fluid in phase space. We will return to this picture in chapters 12 
and 13 below. The fluid has a total area determined by the Fermi level, which is in turn 
fixed by the total number of fermions, 

implying that 

l = /^»(..-.). (11.13) 

where 

e(p,A) = ip2 + ly(^yX) . 
Thus, we require that the fluid have total area one. The total energy is 

i?ground= / ^e9{eF-e) , (11.14) 
J Zirn 

which implies 

M9;V) = I ^e9{ep-e) . (11.15) 
Eq. ( [11.13|) determines the Fermi level as a function of g, and then ( p.l.l5|) determines 



A P 




X 



Fig. 22: Level curves in phase space. Filled Fermi levels are shaded. 
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To see how singularities of JFq can arise, let us consider the specific potential 
for which 

e{p,X)=^-p'-^-X' + \gX\ (11.16) 

Level curves for e are plotted in fig. 22. At small values of g, the lattice expansion ( |11.4| ) 
(at fixed topology) converges. To define the continuum limit, we look for the leading 
singularity in JFq due to the singularity in g closest to the origin. In general, as we vary 
g the region of unit area defined by ( 11.13| ), and hence the weighted area ( |11.15| ), vary 
analytically. As we tune g from small values (as in fig. 22) to large values, however, g 
passes through a value of order 1 where the e = line surrounds the unit area. At this 
juncture the shape of the Fermi sea equipotential changes disco ntinuously, resulting in 
nonanalytic behavior in jFg. Thus we are interested in the limit g g^, where gc is defined 
by equating the Fermi level ep with the top of the quadratic maximum (= here by 
convention) . 




P+(A.) 



Fig. 23: Blowup near origin of fig. 22. 



From the above discussion, it is (intuitively) clear that the nonanalytic part of the 
integrals (|11.13| , |11.15|) comes from the crossing region A,p ~ 0, and blowing up this region 
gives the picture in fig. 23. The singular dependence of JFq can therefore be determined by 



= - / dA(^(e^ + \\^) - lA^ + f A^) + 2e^ + ■ 
= - {el + -elgyog{-eF) + --- ■ 



(11.17) 
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Here Ai^2 ai'e the two turning points, p± define the upper and lower branches of the Fermi 
surface, the first line is exact, and the terms omitted in the subsequent lines are analytic in 
g and ep- Since the critical value for g is of order one, we immediately obtain the leading 
nonanalytic behavior as g gc a^l 

J^o = e| log(-eF) H 

(11.18) 

where 

H = -Nep , (11.19) 



and the ellipsis in the second line of (|11.18|) indicates terms which are analytic or less 



singular in /i. (In particular, we can write log// rather than log(— ep) in (|11.18|) since the 
difference is just an analytic piece /s^ logN.) 

Exercise. Doing the integrals 

For the specific example ( |11.16| ), all the integrals can be done explicitly in terms of 
elliptic functions. Perform these integrals and verify the statements about nonanalytic 
dependence from the exact results. 

Four important remarks: 

1) From the above derivation, it is clear that the critical properties are independent of 
the detailed form of V and depend only on the existence of a quadratic maximum. 

2) The result ( p.l.l8| ) suggests that it is fx and not any power of g^ — g that should be 
taken as the scaling variable. This is indeed the case as we will confirm in the next 
section. Thus the double scaling limit is defined by varying g so that fx = —ep{g)N is 
held fixed. The free energy in this limit takes the form 

J'{N,g{N),V) ^J^ifi) . (11.20) 



This definition of the c = 1 double scaling limit was given in [p6| -p9|. 
3) The relation between the bare cosmological constant g and the scaling variable —epN 
is subtle. We can obtain this relation, at tree level, from the relation ( [11.13|) : 



dA. .2 



Ai 27r 



1 = 2/ —{p^-p_) = - dXJep^lX^ + . (11.21 



45 



We have made a constant rescaling to eliminate irrelevant numerical factors. 
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Evaluating the singular part of the integral gives 



(7 - (7c ~ i-ep) logi-ep) + ■■■ ■ (11.22) 

Historically, the peculiar relation ( |11.22| ) between the "bare" cosmological constant 
and the scaling variable caused a great deal of confusion. (For a discussion, see [1T5| .) 
Unlike (|7.18| ) , a very complicated function oi g — multiplies to form the scaling 



variable k that is held fixed in the double scaling limit. An interpretation of this 



result directly from the continuum spacetime point of view has been given in , and 
we shall reinterpret this understanding in terms of macroscopic loop field theory in 
sec. 11.6. 

4) Multicritical c = 1 Theories. At c < 1 one discovers an enormous space of multicritical 
points. At c = 1 this has not been as extensively investigated, although some results 



may be found in [^. While the spacetime interpretation of these theories remains 
unclear, there is evidence that perturbations of the conventional c = 1 theories by 
special state operators flow to these points. The reason is that the matrix model 
defines flows by operators i/j^X^iIj which yield the above multicritical behavior. As 
discussed below, these operators seem to be related to the special states. 

11.3. Double- Scaled Fermi Field Theory 

Let us now turn to fermionic quantum mechanics and investigate to all orders of 
perturbation theory. Formulated in terms of a fermionic quantum field theory, the theory 
has the action 

/ d d^ 1 \ - 

S = nJ_^ dXdA + ^ + -V{^V^))^ , (11.23) 

and lattice Fermi operators 

CxD 

^'(A, X) = Y, aM) r{e,, A; V) e"^^'^ . (11.24) 
1=1 



The wavefunctions ip'^{ei, A; V) are eigenfunctions of the Schrodinger equation ( p.l.9D , and 



we may take the potential V to be symmetric since it effectively becomes so in the double- 
scaling limit. Thus we also have an index e = ± which refers to the parity of the wavefunc- 
tion, and a repeated e index will indicate a sum over parity states. The a's anticommute 
and satisfy {a^{ei), al,{ej)} = 5ij 5^^^'- The Fermi sea |A^) is defined as usual. 

127 



As we have seen from the tree- level analysis, the singular terms in T come from the 
behavior of the theory for A ~ (9(A^~^/2) and e ~ (9(1/A^). Thus we scale equation (|1 1 . 9| ) 
by setting A = \/\/2N and = —e/N, so that (|11.9| ) becomes 

+ ^ + 0{N-''^)y, =e^,. (11.25) 

All the details of V are in the 0{N~^/'^) piece and what remains is the parabolic cylinder 
equation. (See appendix A.) Two consequences of this are: 

1) The density of states at the Fermi level can be calculated to all orders of pertur- 
bation theory. The WKB matching of the parabolic cylinder function (valid at the tip of 
the potential) to the WKB functions (valid in the other regions of A) involves the large A 
asymptotics of the cylinder function. Matching the phases, we find from the asymptotic 
formula (A. 6) for the behavior of the parabolic cylinder function that the quantization 
condition ^{sn+i) — ^(^n) = implies that 

Fjri 1 1 

p(e)^ — = -$'(e) = --ReV'(i+^£) , (11.26) 
oe n 27r ^ 

where ip{x) = ^logr(x) is the digamma function. Identifying the density of states with 
a second derivative of the free energy, we confirm the double scaling procedure mentioned 
at the end of the last section. In particular, the semiclassical expansion of p is 

p{e) = ^(-lne+y(2^-'-l)\^(lY'^] , (11.27) 



27rV ^ ^ m \2e 

^ m=l 

where the B2m are Bernoulli numbers. This expansion shows that indeed A^e^ is the 
correct scaling variable and justifies the definition of the double scaling limit in ( |1 1.201 ). 



2) We expect that, just as in the one matrix model studied in the sec. \9.^ the 
wavefunctions themselves have N ^ oo limits in terms of 5-function normalized parabolic 
cylinder functions, independent of the details of V: 

ri-e/N, \/V2N- V) ^ [j^) ^^(^' ^) (11.28) 

where the wavefunctions '0^(£, A) are given in (A.l, A. 2). The prefactor takes proper 
account of the normalizations of the wavefunctions and can be verified by putting a non- 
universal wall at distance 0{1) from the maximum. Thus, as in the one-matrix model, we 



128 



may take the double scaling limit of the fermion operator by first defining an operator ^' ^ 
with a smooth N —>■ oo limit, 

^n{X,x) ^ J^^.^i^^Nx) , (11.29) 

where we have substituted x = X/N^ We now rescale 

a.{e^) ^ ' 11-30 

(ilogv^)'/' 

so that in the N ^ oo limit we have 

^'iv(A, x) ^ 4^{X, x)= J due''''' a,{u) A) , (11.31) 

where il)'^{y,x) are normalized as in appendix A (eqns. (A.l, A. 2)). The vacuum of the 
double scaled field theory is defined by 

a^{v)\lj) = V < jj, 

(11.32) 

where the Fermi level /i is as in ( |11.19| ). 

11.4. Macroscopic Loops at c = 1 

The discussion of macroscopic loop operators given in chapters || and H above continues 
to hold at c = 1 with some minor modifications [^. We now wish to compute the 
continuum limit of the macroscopic loop operator 

Wie.mce{L,q) = y"dXe^^^tre^*W ^ ^ dA dx e^^" V^V(A, x) e^^ = M/^cont(^, ?) ■ (11.33) 

In particular, the boundary condition on the loop is of Dirichlet type, x{a) = x. 

A subtlety that arises is that the eigenvalue density is concentrated on both sides of 
the quadratic maximum, or, in double-scaled coordinates, on (— 00, — 2^/ju] U [2^/7, 00). 
This means there are two (perturbatively) disjoint "worlds" and we cannot simultaneously 



Note that in this chapter we have used X to denote the lattice target space coordinate and 
in what follows we use x to denote the continuum target space coordinate, in minor conflict with 
the notation of chapt. [s] in which X denoted the continuum target space coordinate. 
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Laplace transform the eigenvalue density with respect to both. We can get around this dif- 
ficulty by using a technical trick. We compute amplitudes instead for the Fourier transform 
with respect to A, 

/■oo 



(11.34) 

M{zi, Xi) = e'^^^ • • • e'^-^) . 

We will find that the answer naturally splits into two pieces. In the first piece we 
may continue z ^ i£ in the upper half plane to obtain a convergent answer. This analytic 
continuation makes no sense in the second piece, but there we can analytically continue 
z — > —i£ in the lower half plane. We interpret the two pieces as the contributions of the 
two "worlds" defined by the two eigenvalue cuts. Focusing on either contribution, we can 
define macroscopic loop amplitudes for real loop lengths. This rather strange reasoning 
can be checked in various ways. At the level of tachyon correlation functions, for example, 
the techniques of chapt. 13 make it possible to calculate even if we put an infinite wall at 
A = 0, rendering ip'^ e~^^'ip rigorously well-defined. The resulting amplitudes agree to all 
orders. 

Now we describe the calculation of the amplitudes M{zi, qi). The Euclidean Green's 
functions of the eigenvalue density p = i/;ti/;(A, x), where x is the "time" dimension of the 
c = 1 matrix model, are defined by 



GEuclidean(a:;i, Ai, . . . , X^, A^) = {n\T (^^{xi, \i) ■ ■■tl;^{Xn, K)) c 

G'Euciidean(9i, Ai, . . .g-n, A„) = j J]^ dojj e*«*^* G'(a;i, Ai, . . . a;„, A^) • 



(11.35) 



Since the fermions are noninteracting, these Green's functions may be written in terms of 
the Euclidean fermion propagator, 

Se{xiAi: X2,X2)=e-^'^^ ge-^^^-/(j9,Ai,A2) , (11.36) 

where / is the resolvent for the upside-down oscillator Hamiltonian H = — |A^, or, 
more generally, for a Hamiltonian H — + V{\) with the potential tuned in the scaling 
region to differ from exact quadratic behavior. In particular, for g > 0, 

/(g,Ai,A2) = (/(-g, Ai,A2))* = (Ai|— ^jAs) . (11.37) 



H — ji — iq 
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Using Wick's theorem, we evaluate (|11.35 ) as a sum of ring diagrams and thereby 



obtain the integral representation for the eigenvalue correlators 

-j^ I'OO IT' 



(j£X]„ k=l 



where Q1 = q + (la{i) + ■ ■ ■ + qa{k) 7 and the sum is over the permutation group E^. 

We can now obtain the formula for loop amplitudes as follows. The resolvent of the 
upside down oscillator may be given the integral representation: 

(All— — IA2) = / dse ^^^-====exp- — , (11.39) 

-H - C Jo V 47rz smh s 4 V tanh s smh s J 

where e = sgn(Im(^). Therefore, the calculation of ( |11.34| ) reduces to the evaluation of a 
gaussian integral with the result 



/ ds,_i exp(^- exp(^-coth(^/2)5^22j ^-^^ ^q^ 

/c=l 

/. cosh(siH Sj-i-i/2) \ 

•expU 2^ ^.^^^^/^^ 2;^(i)Z^(j) ) , 



sinh(^/2) 



where = sgn((5'^ 



We now examine several special cases of the above formula, 
a) One macroscopic loop: 




Ml = K-M ) + K ) + 





This is the Hartle-Hawking wavefunction. Analytically we have 

M..Re(,y^ jS-'^ ). (11,41) 

The genus expansion is obtained by restoring the string coupling according to 

Ix/k , K^/'^l , A ^ K-^/^A . (11.42) 
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The perturbative expansion of the Hartle-Hawking wavefunction is obtained by expanding 



the last factor in (|11.41|) , and continuing z iiin an integral representation for the Bessel 
function. 

b) Two macroscopic loops: 

.2 '^^ ^ 




This gives the propagator from which we may hope to understand the spectrum of the 
theory. 

The integral formula for -^M becomes 

Jo sinh(^/2) Jo V ; 

(11.43) 

This formula holds for Zi real. If we wish to have real loop lengths we replace Im ^ —\i 
and continue Zi i£i, as discussed above. 
The integral over s may be written as 

^'^"'""' "tndy ^I'lP"' + t tP^^.M2^) -■'h(.e/2) (11.44) 

where a = ^1^2/2 sinh(^/2). The remaining integral over ^ can be done in terms of 
Whittaker functions to give nonperturbative answers. This is done in detail in [pO| . 
At genus zero, we have 



sm np 



00 



r=l 

and therefore 



+ E 7^3^^ Ir{2^il) Kri2^i2) 



;il.45) 



[W{h,p)W{£2,-p))^ / — G(i?,p)^^(£i)V'E(^2) , (11.46) 

Jo 



with 



G{E,p) ' 



E"^ _|_ p2 gjj^]^ 

TTp 1 ^2(-l)V 1 



(11.47) 



sm 



Tip E"^ + »2 j-2 _ p2 J^2 _|_ ^2 

r=l 
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c) Three macroscopic loops: 



K 



The same techniques as above can be apphed to three and four macroscopic loop ampli- 
tudes. The final formulae are rather complicated (see e.g. [0), while at genus zero there 
is considerable simplification. 

The entire genus zero amplitude, together with the integer powers of is summarized 
nicely in terms of macroscopic state wavefunctions [0 : 

X{W{l^,q^)) = / \[dE,—^K,EA'i^Q{E^+E2+E^)coth[-{E^+E2+E^)) . 

(11.48) 

Exercise, macroscopic — > microscopic 

Evaluate the integrals in ( p.1.48 ) using residues by closing the Ei contours in the 



upper or lower half plane. (Warning: this involves a certain amount of algebra — the 
result is in [^.) 



The results ( |11.46p ,( |11.47| ), and ( |11.48[ ) contain a wealth of information on the nature 



of contact terms and singular geometries in the path integral of the c = 1 theory. Note 



especially from (|11.47| ) that the propagator agrees with the naive Wheeler-DeWitt prop- 
agator at low values of \E\, but is quite distinct, indeed exponentially decaying, at large 
values of \E\. Correspondingly, in position space the propagator turns out to be smooth at 
ii = £2- From a quantum gravity point of view, the only source of violation of the naive 
WdW propagator in the Euclidean quantum gravity path integral is the contribution of 
singular geometries such as fig. 20. From a target space point of view, the smoothness 
of the propagator suggests the existence of other degrees of freedom. This guess is con- 
firmed by the pole structure of the propagator manifested in the second line of ( |11.47|) . 
These extra degrees of freedom are clearly related to the special states. The two ideas: 1) 
contributions of singular geometries, and 2) existence of new degrees of freedom related 
to special states, are tied together by interpreting the new degrees of freedom in terms 
of Liouville boundary operators, or, equivalently, in terms of redundant operators in the 
matrix model. Recall from sec. \lO.4 that such operators contribute figure eights — the 



lattice version of the singular geometry of fig. 20. In ||9TI] this interpretation was elaborated 



upon, and partially carried out for the data provided by the three-point function ( |11.48| ). 
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11.5. Wavef unctions and Wheeler-DeWitt Equations 



From (|11.45| ) we can easily extract the wavefunction of the vertex operator Vq by 
extracting the coefficient of i^i^ as £i — > to get 

{W{i, -q) Vq) = ^\'i\'^Kq{2^l) . (11.49) 



This result is analogous to ( p.0.19 ), and is in complete accord with the continuum answer. 



The wavefunctions to all orders of perturbation theory are not much more complicated. 
We extract the term proportional to z^"^' in ( |11.44| ) and perform the remaining ^ integral 
in terms of Whittaker functions to find 

V;^(£) = 2r(-|5|)Im(e^(i+l'^l) /'''dtr(i-z^ + t)riT^,^_,+ i|,l,i|,|(z£2)) , (11.50) 

J 

where W^,^ is a Whittaker function. In particular, the function Xr],£,{^) = i~^Wri^^{i£^) 
satisfies an equation derived from the Whittaker equation: 

Therefore the all-orders Wheeler-DeWitt wavefunctions satisfy some simple differential 
relations generalizing the genus zero Wheeler-DeWitt equation. The answer is especially 
simple at g = where we find the modified Wheeler-DeWitt equation: 

(^^)'+4^^'-«'^')Vo = 0, (11.52) 



where we have explicitly introduced the topological coupling k. The consequence of ( |11.51|) 
is not so simple when g ^ 0.0 

11.6. Macroscopic Loop Field Theory and c = 1 scaling 

In sec. we discussed the tachyon field T{(f),X). On the other hand, the formulae 



of the previous section suggest the existence of a macroscopic loop field theory in which 
W(£, x) is a field. Since £ and cj) are related, we may suspect that the two fields T and W 



are essentially the same (recall that X from sec. |5.^ translates directly to the continuum 
X we use in this chapter). 
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We disagree with a recent discussion of the all orders WdW equation in [121]. 
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Treated as a field, W has a vacuum expectation value given by the Hartle-Hawking 
wavefunction, and correlations of fiuctuations 5W are measured by higher correlation func- 
tions. On the other hand, we see from (|11.49| ) that first order fiuctuations dW correspond 
exactly to the tachyon wavefunction, i.e. satisfy the Wheeler-DeWitt equation, up to a 
factor of the coupling constant. This suggests the relation 

W{i,x) ^ e-^^'''T{(P,x) . (11.53) 

In the next section we shall see that tachyon S'-matrix elements can be extracted directly 
from W correlators, further corroborating this result. 

Replacing ( |11.53| ) by an equality, we may transform the standard free tachyon action 



^0 

to the action 



r dxdct^e-'^Hid^Tf + ^le^^T^ + T{H^-^)t) (11.54) 

J — oo 4 / 

/•oo AO 

So= -J dxW{-dl + iie^'^ + H^)W . (11.55) 

Jo ^ J-oo 



The interactions are complicated, but can be deduced from the formulae of sec. \11.4 



Using the tachyon wavefunction, we are now prepared to adapt Polchinski's discus- 
sionii to interpret the scaling law variation (|11.22[) and the definition ( |11.19|) in terms 
of the continuum theory. As we see from (|11.49| ) with q = 0, the wavefunction for the 
static tachyon background is Kq{2,^ i). To mimic the discreteness of matrix models, we 
consider a cutoff scaling variable fXB (analogous to ep) and measure distances £ in "lattice 
units" . Substituting in ( p.l.53|) , we find that the static tachyon configuration in the cutoff 
theory is given by 

T{(P) ~ (2^ if Ko{2^i) . (11.56) 

In the a-model approach (eq. ( |5.10| )), the spacetime one-point function (T) plays the role 
of the cosmological constant. With an ultraviolet cutoff (p > on the theory, the value 
of the tachyon field at the cutoff is thus naturally interpreted as the bare cosmological 
constant 

g-gc-^ T(0) ~ {2^fKo{2^) , (11.57) 

since working at the cutoff is equivalent in the matrix model to multiplying the bare 
cosmological constant by the (unit) area of the basic triangle. As /is 0, we have 

5f - fife ~ 2//B log /xs (11.58) 

which is functionally equivalent to ( p.l.22| ) , giving the relation between the bare worldsheet 
cosmological constant and the scaling variable. 
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To go from the variables A and // used in |75] to our conventions, let A — > </ — 51^ > A* ~^ — ef- 
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Fig. 24: The function x'^Ko{x), witli a peak at a; ~ 0{1). 



The function x'^Kq{x) of ( |11.56| ) moreover behaves as in fig. 24, with a peak at x ~ 
(9(1). (This is the analog of the sohton configuration of although in our argument 
we use the Wheeler-DeWitt equation for macroscopic loops rather than the properties of 
an interacting tachyon theory.) As /i^ ^0, the peak occurs at larger and larger lattice 
lengths P = ~ ^/ij^b- The scaling behavior at higher genus follows from perturbation 
theory with the effective action ( [5.12| ) in the dilaton background (D) = {Q/2)(j) = y^cp. 
The effective string coupling is thus Kes = ne^^, where we have substituted the value 
at the peak of the tachyon configuration which dominates the string scattering. Since the 
bare string coupling (genus counting parameter) in the matrix models is k = 1/N, we see 
that holding fixed the effective string coupling Keff = ne^^ ~ 1/{N^b) in the continuum 
limit defines the c = 1 double scaling limit as in the matrix models pB|-|5m, where the 
string coupling is as well related to the bare cosmological constant via ( |11.58| ) rather than 
via (|7.18| ) as in the c < 1 models coupled to gravity. 




Tachyon condensates 

In this discussion we are identifying (T) ~ fxi^KQ{2y/JIi)^ while in the cr-model discus- 



sion (see ( |5.15| )), we identified (T) ~ iie"'^. These do not even agree in the limit (j) ~^ ~oo 
(£ — > 0) . This confusion has plagued the subject for several years now. As mentioned in the 
paragraph following (|4.11| ), it suggests that we should really identify the cosmological con- 
stant operator as (T) ~ fx(f)e'^^, which has the fxi'^lni behavior as — — oo. We comment 
further on the two possible cosmological constant operators at the end of sec. 13.6. 

11.7. Correlation functions of Vertex Operators 

As in the c < 1 theories, vertex operators are obtained by looking at the small £ 
expansion. In particular, using the reasoning of the exercise below ( |10.13|) together with 
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the formula ( [4.12 ), we see that the coefficients of ^l"^' in the small £ expansion of the 



macroscopic loop operators must be proportional to the correlation functions of the Vq. 
We are fortunate that for generic q there is only a one-dimensional BRST cohomology 
class.Ei 

String amplitudes are asymptotic expansions in the string coupling k = whose 
coefficients are integrals over moduli space. These can be calculated by considering the 
£i —>■ expansion of the matrix model loop operators: 

n Q^)\^^) = n4'^'^n(?i, ...qn, ^) (l + 0{f,)) + analytic in . (11.59) 

Then, as asymptotic expansions in k = l/^u, we have 

nniqu...qn;i^)=AniVg,---VgJ , (11-60) 



where 



^n(n,---T/,J~ J]a^->^A,4K,,---V^,J = / {Vq,---Vq^) (11.61) 

h>0 h>0 •'Mh,-a 



(the CFT correlator (Vgi---Vq„) is interpreted as a differential form on moduli space 
Aih,n, i-e. includes a product H o'^^r ghost zero modes), and 

Vq = T{\q\) cce^^'^^-l'^l'^^/^e^'^ (11.62) 

is the tachyon vertex operator of (f4.12| ). The normalization is fixed by comparison of 
computations of the right hand side performed by Di Francesco and Kutasov ||4^ 



as 



described in sec. 14-2. We see from ( 11.61| ) that the 5"- matrix for the spacetime tachyon 



can be extracted from correlation functions of the macroscopic loop operator W, hence T 
and W are interpolating fields for the same asymptotic states, as suggested in the preceding 
section. 



49 



Historically, the first attempts at D = 1 correlation functions used powers of the matrix field 



as scaling operators [ 122 , 92|. 
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Remarks: 

1) The definition ( |11.59|) of TZn is ambiguous if qi G 2. The functions can defined for 
G 2 by continuity. 



2) The right hand side of (|11.60| ) is by definition an asymptotic expansion in the string 
couphng l/fj.. On the other hand, the matrix model gives a nonperturbative comple- 
tion since (in contrast to the difficulties at c < 1) we may perform all manipulations 
with a potential giving a perfectly well-defined matrix model integral. 
As an example of the use of ( |1 1.601) we may immediately extract from the small i 

expansion of the all-orders Wheeler-DeWitt wavefunction ( 11.50|) the two-point function 

of the tachyon: 

^(^.^-.)-(r(H.|))^Im(eH.I/^(£M±^ £(i^ 



(.r(-|,|))V^i(^-(M-i)^^^^i^^ 



-2 



^A„, , (3g^-10|9p-59^ + 12|9| + 7) ^^^'^^^ 



A/,, ,(9q^ -63\q\^ + 42q^ + 217\q\^ - 205\q\-93) 
11(1^1-") ^^^^^ ^" + 



2903040 

In sec. 13.5 below we will describe a much better way to compute tachyon correlators 



which easily yields the generalization of (|11.63| ) to arbitrary tachyon correlation functions. 



f Special states in the matrix model 
If one wishes to interpret the integer powers of i in terms of an operator expansion 
it is necessary to introduce the redundant operators Br,q corresponding to moments of A''. 



It can already be seen from (|11.45|) that to define such operators we must take 



Bra = lim(^Yw(i,q) ^ f dxd\e''i''iP^WiP , (11.64) 
£^o\di/ e=Q J 

where q > r, otherwise the limit £ diverges. We then analytically continue to any q. 
The physical origin of the divergence at £ — 0, or, at A ^ oo, is in the ultraviolet region 
of the worldsheet integral, and is probably connected with the fact that the special state 
operators are irrelevant operators. 
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By upper triangular transformations of the basis of operators, analogous to the change 
of basis in sec. \10.3l relating aj to aj , we obtain the full operator expansion of the macro- 



scopic loop [pT| : 

W,^{£,p) = %T{\p\ + 1) ^-|pl/2/|p|(2v//I£) -J2^r,p l ^i-'-'^Iri^^l) . (11.65) 



12. Fermi Sea Dynamics and Collective Field Theory 

12.1. Time dependent Fermi Sea 

Another source of intuition, very different from the macroscopic loop approach, comes 
from the motions of the Fermi sea of the upside-down oscillator and the associated collective 
field theory, also known as the Das-Jevicki-Sakita theory [[76i[77| , p3| . As we saw in our 
analysis of the tree-level free energy (sec. |j j.^ ), one is naturally lead to think about the 



fermionic phase space. This point of view leads to a very beautiful description of tree-level 
c = 1 dynamics ||9^ . 

In sec. \11.2^ , we studied the ground state from the point of view of a fluid in phase 
space. When describing dynamics, we have to perturb the system so we are now looking at 
time-dependent Fermi seas resulting from the disturbances produced by various operators. 



The possible dynamical solutions of the system can be described in the following way ||95 
Consider the generating functional for correlators in the theory, 

r -/Vt(zd/dt + dVdA2 + A2)^ + J^V ,,,,, 

Z[J\ = / dipe , (12.1) 



where we imagine J has been turned on and off during a finite time interval. (In this section, 
the c = 1 coordinate t will always be taken to be a Minkowskian time coordinate.). The 
source J acts as an external force on the fermions. After it has been turned off, the state 
evolves as some time-dependent solution of the system. It is clear that the points simply 
move along trajectories in phase space appropriate to the upside-down oscillator, that is, 
they move along lines of constant p^ — X^. 
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Fig. 25: A generic initial configuration of tlie Fermi sea. 



Thus to write down the general time-dependent motion of the system we imagine at 
time zero a generic Fermi sea as in fig. 25, which we may describe as a parametrized curve 

A = (1 + a{a)) cosh((j) , p = {1 + a{a)) sinh(a) , 

where a{a) is a smooth function subject to the constraint that the initial Fermi surface 
(A,p) be physically reasonable. Hamilton's equations 

dtp = {H,p} 
^\-pdxP . 

then give the general solution for time evolution: 

A = (l + a(a)) cosh(a-t) (12.3a) 
p = (1 + a(a)) sinh(a -t) . (12.36) 



12.2. Collective Field Theory 

We are now in a position to derive the collective field theory of c = 1. Consider the 
case in which the Fermi sea only has two branches p±. The functions p±{\,t) may be 
thought of as on-shell fields related by a boundary condition pj^{\^,t) = p-{X^,t) where 
A* is the leftmost point of the sea. As in sec. |j j . 4 the energy, or Hamiltonian, is given by 

n 12.4 
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To interpret ( |12.4|) as a field theory of tlie eigenvalue density, define 



;i2.5) 



In terms of C, the eigenvalue density is given by 



pW =P+-P- = Stt^aX . 



(12.6) 



After rescaling, the Hamiltonian in these variables may be written as 

H.J,, ^ + ^X') + £./dA X' . (12.7) 

where v{X) is the double-scaled matrix model potential — -^A^. This Hamiltonian appeared 



from very different points of view in [[f6| , |77| , |93[] as the field theory of an eigenvalue density 
field p{X, t). The present derivation overcomes some of the difficulties with understanding 
the Jacobian for the change H^A^ dp{X,t). 



Exercise. 

Derive the Lagrangian corresponding to the Hamiltonian (12.7) 




Fig. 26: A configuration of the Fermi sea with folds, p is a multivalued function 
of A. 



Folds 



JL As pointed out in [^5|, there can be solutions to ( p.2.3a, 6|) which have four or more 
branches ]5(A, t) for a given A (e.g. fig. 26). These solutions are perfectly sensible from 
the free fermion point of view but are quite strange from the collective field theory point 
of view. Curiously, the number of folds is not conserved in time. A surface with two 
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branches can very weU evolve into one with four or more branches, and vice versa. These 
fold-solutions are extremely interesting in the context of collective field theory as a model of 
string field theory, for they show that the "obvious" string field might be a bad description 
of the string degrees of freedom for some perfectly sensible backgrounds. It has been 
suggested that if the c = 1 model is equivalent to a model of 1 + 1-dimensional black holes, 
then folding solutions will be an important piece of the puzzle. 

12.3. Relation to 1+1 dimensional relativistic field theory 

It is natural to rewrite the collective field theory as a relativistic theory. Let us 
consider solutions such that there are only two branches p± of the Fermi sea. Consider 
the classical equations of motion for a particle in an upside-down oscillator: 

A = A, (12.8) 

solved by X{t) = Acosh(t -|- B). Thus if we change our spatial coordinates to A = 
2y/JIcoshT, motion in r, t space is relativistic: r(t) = t + B. 

Let us now explain this point within the collective field theory. We are interested in the 
fluctuations 6p± of the Fermi sea. Since there is a nonzero background field configuration 
corresponding to the genus zero eigenvalue density, 

p± = ±^A^ ^ ±(A -^)+ 0(A-2) , (12.9) 

we make a fleld redeflnition 

p±{X,t) = ±XT^X± , (12.10) 
so that, up to a constant shift independent of x-t, the Hamiltonian ( |12.4[ ) becomes 



^(l_e-6r)(l_e-2r) 



(l + e-2-)2 

' / dr{(xl + xl) - ^(xi + X'-)) (1 + 0(e-^')) . 



Far from the edge of the eigenvalue density, we may define x± = =t^s — drS , where S is 
a free massless scalar field. 
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Dirichlet boundary conditions imply the free propagator for the fermions x 



±- 



oo 







, „ COS Eti cos Et2 

F2V 2 • 12.12 



The change of variables to (|12.11|) can be pursued more carefully and perturbation theory 



calculations can be performed in this formalism. See and |jT^ for details. 



Remark: The one- loop free energy in this 1+1 dimensional relativistic field theory 
can be calculated |]7^ and goes as log /x, which is hence interpreted as the volume of ^-space. 



Further attempts to interpret this result may be found in [|T5| (see also sec. \11.6^ . 



12.4- T-space and cp-space 

Collective field theory is a theory of a massless boson that represents fluctuations in 
the eigenvalue density. On the other hand, the massless boson of string theory is a scalar 
field T{(f),t). In this section we discuss the nontrivial relation between these two bosonic 
fields [P.i 

As we have seen, the macroscopic loop and tachyon field are essentially the same. In 
turn, W and p are related by a Laplace-like transform. 



w{^,x) 



/ dXe-^^p= ^Ki{2^i)+ dre-2^v^"°^^"a,C , (12-13) 

" Jo 

where in the second equation we have shifted the field p by its genus zero one-point function 



p = ^^/Jp^^^^ + dxx, and changed variables to A = 2^/7 cosh r. 

Using this transformation on fields, we can understand the relation between the tree 
level propagators of the VF-theory, (|11.46| , p.l.47|) and those of the collective field the- 



ory ( p.2.12|) . The key relation is provided by the kernel e 2£y7icoshT^ which satisfies the 



differential equation: 

if<Ae-2^^^°'^^ = ( --^ + 4pf)e-^^^^'''^^ = -^e-^e^/J^<^oshr _ (12.14) 



Many authors continue to identify r with the Liouville coordinate (f). While both spaces 
share many qualitative features, they cannot be the same. The matrix model coordinate A has 
no (obvious) geometric meaning in the discrete worldsheet sum. Rather, it is the loop operator 
W{L) that has a geometric meaning and is related to the worldsheet metric, and therefore to the 
Liouville field (h. 
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It follows that if we define a nonlocal transformation of functions: 



/•OO 

= / dre-^'=°^^"S(r) 

(12.15) 



B{r)= 1^ -je-'^^^'^^BicP) 



then we have 



if B is such that integration by parts is valid. In this way we may establish the classical 
function identities: 



POO 

^0 



cos Et 
E sinh -kE 



relating eigenfunctions of the Bessel and Laplace operators. Comparing, we now see that 
( |T^T3| ) indeed maps (|11.45| , |T07|) to ( P^T^ ). As a further check, the tree level 3-point 



function of the eigenvalue density has been calculated in [£3 to be 

qi) p(A2, Q2) p(A3, q^))^ = 5{qi + q2 + qs) 



Sll^/'^ sinh ri sinh T2 sinh 
r°° / E \ TV (12.17) 

/ Yl<iEj— ^— cos E,tA {El + E2 + E3)coth{-{Ei + E2 + E3)) , 

J — 00 ^-t^i iqi ' ^ 



which is related to (ITOSD by ([T2J3D . 



The transform ( |12.13| ) is very subtle. While it is nonlocal, it can be shown to map 
exactly the quadratic r-space action ( p.2.11| ) to the (/)-space WdW action ( p.l.55| ). On 



the other hand, the interaction terms will not be locally related. The nonlocality of the 
Lagrangian for T((^, t) is not a surprise. It is present in the covariant formulations of closed 
string field theory and has also been found within the context of 2D string theory by Di 
Francesco and Kutasov using continuum methods (see below). (The detailed comparison 
of the VF-field theory with the above two formulations has not been carried out.) 

As a second application, the origin of the Wheeler-DeWitt equation from the point 
of view of the eigenvalue dynamics can be understood as follows: 
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Exercise. Variations on WdW 

a) Derive tlie WdW equation for tachyon wavefunctions using the dynamical Fermi 
sea picture as follows. Write 



W{£,t) = j dXe'\p+{\t)-p-{\t)) . 



Using the flow equations, show that 



Then take another derivative to obtain 



n{x) = (^p+{x,tf - aV) - (^P-(A,t)' - aV 

Take the variation of the loop to get the wavefunction of the tachyon and from this 
recover the WdW equation: 

9t - = SW . (12.18) 



b) Generalize part a) to arbitrary Hamiltonians of the form H = p^ + ^V{X), where 
y is a polynomial, to obtain 

(^d^ + evi-^^) + ^lV'i-^^)yw = 2t,f5W , (12.19) 

for fluctuations in W along the Fermi surface, H{p, X) = fi. This equation was derived 



differently in [ff2T|,IT23| 



It should be emphasized that ( 12. IS , 12.19| ) are only valid at genus zero 



Remark:0 A further interesting property of the transform ( |12.13D not directly re- 
lated to 2D gravity is that it relates massive and massless field theories in 2 spacetime 
dimensions. To see this, consider the Lagrangian of a massive Klein-Gordon field in 2 
Euclidean dimensions: 

Skg = J d^w (^d^<i>d^<f + j _ (^2.20) 

Making a change of variables w = , z = ^{(p + iX), the action becomes 

Skg= /d^z fe^'a^^' + V|M;|2^r2^ 

\ (12.21) 

It is precisely this action which is mapped to a massless field on the half-space r > by 
Based on conversations with A.B. Zamolodchikov. 
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12.5. The Woo Symmetry of the Harmonic Oscillator 

Collective field theory reduces genus zero matrix-model dynamics to the dynamics 
of a phase-space fluid under the influence of an upside-down harmonic oscillator. This 
system has a very interesting symmetry algebra, following from the existence of an inflnite- 
dimensional symmetry of the harmonic oscillator .HI 

Consider the functions a_ = X—p, a_|_ = X+p on phase-space. Under the Hamiltonian 
flow deflned by if = — A^), we have a±(t) = a(0) e^*, so the functions 

Cr,,m = {a+ria.re^^-''^' (12.22) 

are, in fact, time-independent. As functions on (phase space) xIR, under Hamiltonian flow 
they satisfy 

^ = ^ + {H, Cr.,m} = , (12.23) 

and should be considered as conserved charges with explicit time-dependence. It is also 
evident that they form a closed algebra under Poisson brackets, 

{Cn,ni , Cn',m'} = '^{rn'n - mn')Cn+n'-l,Tn+Tn'-l n, m > . (12.24) 

As we will see below, this deflnes the "wedge subalgebra" of wi+oo- Notice that Ci^i is 
itself the Hamiltonian. Upon quantization, we obtain a quantum W^oo-type algebra which 
is in fact a spectrum-generating algebra.^i 

Exercise. Classical wi+oo and its subalgebras 

There is a bewildering choice of bases and algebras in the literature all related to 
■wi+oo but differing in slight, yet important, ways. In this exercise we survey some of 
them. 



Classical wi+oo [124] is the algebra generated by basis vectors Ws,n, s = 0, 1, 2, . . ., 
n G 2, subject to the relations 

[Ws,n, Ws',n'] = {s'n - Sn')Ws + s'-l,n+n' ■ (12.25) 



This symmetry of the harmonic oscillator appears to have been noticed first by matrix-model 
theorists in 1991! Although it was well-known that one could construct a phase space realization 
of the wedge subalgebra of Woo, the important point that this is a dynamical symmetry of the 
oscillator appears to have been overlooked. 

Note that the ordinary harmonic oscillator action is minus the Euclidean action of an inverted 
oscillator. Thus the above results apply to the ordinary harmonic oscillator. The formulae differ 
in some factors of i arising from the analytic continuation of Euclidean to Minkowskian time. 
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The basis generators are parametrized by a semilattice of points (s, n) in IR'^. Equivalent 
bases in the literature are obtained by applying affine transformations to this semilattice. 
For example, one could instead take generators Vs,n, s = 1, 2, . . ., n G 2, related by 

Vs,n = Ws-l,n to give 

[Vs,r^, = ((/ - l)n -{s- l)n') K+.'_2,„+n' . (12.26) 

Several subalgebras are notable: 

• Woo- generated by Vs,n but with s > 2. In the study of extended chiral algebras 
of rational conformal field theories, one encounters these algebras where Vs,n are the 
modes of spin s currents generating the algebra. It is therefore hardly surprising to find 
the next subalgebra: 

• Witt algebra = Virasoro (c = 0): the algebra generated by the elements with 
s = 2: 

[1^2,n, V2,n'] = " U ) ^a.n+n' • (12.27) 

• Vw: the Wedge subalgebra, is generated by Qj,m with j = 0, |,1,..., m G 
{-j, -j + - l,j} with relations 

[Qj,m, Qj',m'] = {j'fn - jm!) Qj+j'-l^m+m' ■ (12.28) 

• V^w: the double-wedge subalgebra is the subalgebra of the wedge algebra gener- 
ated by Qj,m with j = 1, |, 2, . . ., \m\ < j — 1. Clearly we can continue the process and 
form a filtration of wedge algebras V^w, defined by restricting \m\ < j — n + 1. 

• Vir^: the Borel subalgebra of the Virasoro algebra. Vir^ may be embedded in 
the yw algebra in many ways: 

L2s = Qs + l,s s = 0, — , 1, . . . 

L2s = Qs+i,-s . = 0,1,1,... (12.29) 

Ls = Vs,2-s s = 1, 2, . . . . 

• w^: Borel subalgebra of w. 

This is generated by Vs^n where s = 2, 3, . . . and n> — s + 1, and is the analog the 
Borel of Virasoro. It plays a role in the VF-constraints of the c < 1 models. For w^^^ 
include s = 1. 

a) Show that ( |12.28|) is a subalgebra of ( |12.25[) . 



b) Show that V^u;/ w contains both of the Vir^ algebras defined in the first two 
lines of ([l2^ ). 
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The Woo symmetry of the inverted osciUator was nicely reformulated in terms of sym- 
plectic geometry in ^7_\. The action of the oscillator, in first order form, is = J da. 



v,= (12-31) 



where a = pdq — Hdt is a 1-form on (phase space) xlR. A transformation on this space 
that takes a — a + d/3 is a symmetry. Symmetries are thus transformations preserving 
the 2-form uj = da. For the inverted oscillator, we may write 

u — da = dpdq — {pdp — q dq)dt = dp dq' 

p' = coshtp — sinhtq' (12.30) 

q' = — sinh tp + cosh tq . 

The symmetries are thus generated by the Hamiltonian vector fields 

d g{p',q') d _ dgjp'.q') d 
dq' dp' dp' dq' 

associated to the charges g, where g is a, polynomial in p',q'. By standard symplectic 
geometry: 

[y,^^V9.]=V{9u,.} ^ (12-32) 
so we may invariantly characterize the wedge algebra as the algebra of area-preserving 
polynomial vector fields on IR'^. 

Exercise. Realizations of w -algebras 
Verify that: 

a) The wedge algebra may be realized as a Poisson algebra by 

Q^. ^ = 20^++"^ ar'" . (12.33) 

b) The Borel algebra realization occurs naturally in phase space via 

=p"+^-lA^-^ (12.34) 

c) Using (|12.34| ), show that Vir^ corresponds under Poisson action to the algebra 
of analytic coordinate changes in A. 

12.6. The Woo Symmetry of Free Field Theory 

Classical Theory. Finally let us note that what is true of harmonic oscillators is neces- 
sarily true of free field theory: any free field theory contains an infinite set of Woo algebras. 
Spacetime locality considerably limits the set of interesting algebras. For example, if (p{x, t) 
is a free massless field in 1 -f 1 dimensions, we can consider the spin s currents: 

Vsix.t) = -{d(Py s = 1,2,... , (12.35) 

s 

whose moments form a classical wi+oo algebra. 
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Exercise. Poisson brackets 

Use the Poisson brackets {d4>{x),d4>{y)} = 2Tr5'{x — y) to siiow that the modes of 

Vs (x) = Vs,n e"" < a; < 27r (12.36) 
new. 

obey a classical t^i+oo algebra: 

{Ks,n,K',n'} =i{{s' - l)n - (S- l)n)Vs + s'-2,n+n' ■ 



Quantum Theory. There is a large literature on quantum extensions of Woo- One of 
particular interest to us is Wi+oo which may be realized as the algebra of modes of the 
Fermion bilinears : d''tp(z) d^ijj(z): where tp^i^ comprise a Weyl fermion in 2 dimensions. 
By bosonization this may be related to the algebra generated by the modes of the currents 
Vs = ^: e~'^^^^ d^e^^^^:. The structure constants are very complicated and can be found in 
T25| , |T26 |. 



Remark: It should be clear from the above discussion that wi+oo symmetry is generic, 
and occurs whenever there is a massless scalar field in the problem. This symmetry is so 
robust that its seeming presence in completely wrong or meaningless formulae has deceived 
many an author. 

12.7. Woo symmetry of Classical Collective Field Theory 

Let us apply the results of the previous section to collective field theory. Both in 
^-space and in r-space, we have asymptotic conformal field theories (=massless scalars) in 
spacetime. Thus, we expect on a priori grounds to find a spacetime symmetry of the 
5'-matrix. (See sec. 13.9 below.) 



One approach, pursued by Avan and Jevicki [|127|] , is to form the charges 



Qj,m = JdX J^^ dp [p + \y+^+^ {p - A)^— +1 , (12.37) 

interpreting p± in terms of the collective field as in (|12.5| ). The integrals don't converge 
so the expression is somewhat formal, but, working formally, one can use the Poisson 
bracket structure to show that the charges satisfy the correct algebra. Although collective 
field theory is not a free theory Avan and Jevicki show that it has a spectrum generating 
algebra given by these charges. They go on to interpret the collective field action in terms of 
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coadjoint orbit quantization for a group of area- preserving diffeomorphisms ||128|| . Similar 



work has been undertaken in a series of papers by Wadia and collaborators [129 



The Woo symmetry may also be seen in the Fermi fluid picture ||130| , |91[] , where the 
charges have exactly the realizations in terms of phase space coordinates described in 
the previous section. In the Fermi sea picture, the wedge algebras Vw, V^tf have pretty 



geometrical interpretations discussed in ||67| , |131|| . The phase space charges have associated 



Hamiltonian vector flelds inducing diffeomorphisms of the (A, p) plane. The double- wedge 
algebra V^w is the algebra of area-preserving diffeomorphisms that preserves the hyperbola 
a_|_a_ = 0. Therefore, by conjugating with an appropriate diffeomorphism, we can turn it 
into the algebra preserving the collective fleld ground state ai fx > 0. Notice that these 
diffeomorphisms fix the Fermi level as a set, but not pointwise. Similarly the triple wedge 
subalgebra \/^w preserves the Fermi sea pointwise. The quotient m'^w/ V"^ w contains two 
copies of the Virasoro Borel, Vir^ ^ corresponding to diffeomorphisms of the upper and 
lower branches of the Fermi sea. 

It was first proposed in that the symmetry of the matrix model is related 
to the extra complexity of the BRST cohomology found in the Liouville approach and 
discussed in sec. above. The best evidence for the connection is: 

1) Algebraic structures. As we will discuss in sec. 14-4 below, in the continuum 
approach (at least, at ^ = 0) one discovers very similar algebraic structures, in particular, 
a realization of the V^ty algebra associated with the charges Aj^m discussed in sec. 
However, in view of the generic nature of such symmetries, and the nontrivial relation 
between the matrix model coordinate r and the Liouville field cj), we should be cautious 
about such identifications. 

2) Quantum numbers. From the local operator expansion ( |11.65| ) we see that the 
operators which are simply related to the moments Br of A'', have wavefunction 

{Br^q W{1, -q)) = -rf//'' Kr{2^i) , (12.38) 

as one would expect for the Wheeler-DeWitt wavefunctions of the ghost number G = 2 
special operators of sec. In particular, after the transform to (p-space these operators 
have the correct Liouville quantum numbers. 

3) Behavior of Redundant Operators. The transformations 

S'^iX = (A + zA)(^+'?)/'-\A - iX)^'-''^/^-\qX - isX) e"'' , (12.39) 
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where s = 1, 2, . . . and g G IR form a closed algebra if we interpret the fractional powers by 
expanding in A/ A and dropping nonpolynomial terms. The algebra of such transformations 
can be shown to be [pT| : 



^ 5^2,92] = ^q^g^ _ g^si) 5-i+«2-2,gi+g2 _ (^2.40) 

For q ^ {— s,— s + 2,...s}, these transformations are not symmetries of the harmonic 
oscillator action 

S=] [ dt(A2 - A^) , (12.41) 
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but rather induce the variation 



S^^'iS = -^-^p_{q-{s-2r)) jdtX^e^'^-. (12.42) 

In other words, the operators Bs{q) are redundant operators, with only contact term 
interactions if Q ^ — s + 2, . . . s}. For q G {— s, — s + 2, . . . s}, they are not redundant 
and hence are bulk operators. The failure of these operators to be redundant in the latter 
case is a signal of the appearance of an extra cohomology class, as is indeed predicted by 
the continuum formalism. 

One weakness of the matrix-model approach to understanding the special states is 
that one cannot tell which of the four cohomology classes at discrete values of {P(j>,px) is 
represented by the matrix model operators. 

One can try to use the transformations (|12.4U|) to obtain Ward identities for insertions 



of special state operators. This works nicely for s = 1 [^. However, as shown by the 
results of the next chapter, for s > 2 the measure and ordering problems present serious 
obstacles to this approach. 



13. String scattering in two spacetime dimensions 

13.1. Definitions of the S -Matrix 

We are finally ready to calculate the scattering of strings in two spacetime dimensions 
described physically in sec. (i.e. fig. 2). Recall that scattering takes place in Minkowski 



space. In this chapter we study the theory of sec. |5.4 A: the Liouville coordinate (j) is 
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regarded as space, the time coordinate i is a negative signature c = 1 field obtained by 
analytically continuing X . The tachyon background 



(W,f)> = ^e^^ (13.1) 

acts as a repulsive wall for incoming bosons and the dilaton background leads to a spatially- 
varying coupling 

K,ff((/>) = «oe^'^'^- (13.2) 

Because the S'-matrix of massless bosons in two-dimensions is a subtle object, we 
begin with some precise mathematical definitions of what we are talking about. We begin 
with the string definition. As explained in sec. [J.^ the vertex operators are given by 
( ^) . Using ( preiD , we write 



Def 1: The connected string scattering matrix elements are asymptotic expansions in k 
given by 

k I 

55 (E ^ E '^O = ' ■ • • Kj; , ' ■ ■ • ) • (13-3) 

i=l 1=1 

Mathematically it is easier to use a Euclidean signature boson X via the analytic 
continuation |g| — > —iu: 

V+^V, q>0 

(13.4) 

We'll refer to the S'-matrix elements calculated with Vq as the "Euclidean 5'-matrix." 

According to the matrix model hypothesis, these amplitudes may be calculated via 
the c = 1 matrix model according to the discussion of sec. lll.Tj . If one is interested 
in the S'-matrix and not in the macroscopic loop amplitudes (which contain much more 
information), then it is most efficient to calculate the collective field S'-matrix which we 
describe next.i^ 

In collective field theory we define the S'-matrix according to the coordinate-space 
version of the LSZ prescription, that is, we isolate the piece of the large spacetime asymp- 
totics of time-ordered Green's functions which is proportional to the product of on-shell 
incoming and outgoing wavef unctions. 



Indeed, defining the 5-matrix directly via asymptotics in r-space [ 132 |, as presented below 



was an important technical advance over the original method ||90|] of calculating loop amplitudes 
and then shrinking the loops. 
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An incoming or outgoing boson of energy a; > has wavefunction ip^it^ r) = e~*'^(*+'^), 
't) = e"*^*-*"'^-', respectively. Therefore we define the 5'-matrix according to 
Def 2: Consider the asymptotic behavior of the time-ordered, connected, Minkowskian 
collective field Green's function: 

G'(ti,ri,...t„,r„) = (0|TJ]a,x(^^,rO|0) , (13.5) 

as Ti +00, ti — > — oo (1 < « < /c), — »■ +00 {k + l<i<n = k + l). Then we define the 
connected S'-matrix element for the process l^i, . . .Uk) — ^ It^i, • ■ •'^[) to be the function 
S^^ in the asymptotic formula: 

k I ^ ^ 

■ ^TkUlS^^ {Y^^'^Yl ^'i) + off-sheh terms . 

1=1 i=l 

The plane wave states are normalized such that {uj\uj') = uj 5{uj — uj'). An equivalent defini- 
tion has been used in to compute the 5'-matrix from standard Feynman perturbation 
theory applied to collective field theory. 

While this definition is physically satisfying, it is not the best mathematical definition. 
An equivalent definition is obtained by continuing the Minkowskian Green's functions to 
Euclidean space At — zAX. Fourier transforming the Euclidean Green's functions with 
respect to Xi, we obtain mixed Green's functions 



GE{qi-,ri,. . .qn,Tn) = j PJdXie*'^'^'G'Euclidean(-'fl,'ri, . . .Xn, 



Tn) , (13.7) 



in terms of which we may define the S'-matrix via: 
Def2': The large asymptotics 

GE{quTu . . . Q^, r^) ~ ft) ne"''''"^^(^i' ■ ■ ■ 9n)(l + 0(e-"O) (13-8) 

i 

defines a function TZniqi^ ■ ■ ■ Qn) from which we may obtain the connected 5'^^-matrix 

elements via analytic continuation \q\ —iuj, where g < corresponds to the incomers, 

•fc+i+i 

and q> Q corresponds to the outgoers. Specifically, "^THTT^' 

Remark: The non-obvious property that the function TZ^ is independent of the order 



in which the r, are taken to oo was demonstrated in 132 
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The equivalence of the coUective field theory 5'-matrix and the correlators defined by 
shrinking macroscopic loops is demonstrated using the relation between r-space and (j)- 
space explained in sec. \12.4[ above. In particular, transforming asymptotic wavefunctions 
according to (|12.13| ) , we relate £ — > and r ^ oo asymptotics via the integral 

/oo 
dre-^2yMCOshrg-|g|r _ I -zl r(- |g | ) , (13.9) 

plus terms regular in I. Notice that the two prescriptions only make complete sense when 
q is nonintegral. Otherwise we must use the full identity 



/•oo 

/ dre-'^^^'^^^^'e-l^l" = - . , J \M^l) 
JA smTrl^l ' ' 

n ^ 



e 



A{m-n-\q\) (13.10) 



m!(n — m)! m — n — \q\ 

n>0 m=0 ^ ' '^1 

The pole in the F-function in ( |13.9| ) is a warning that we cannot unambiguously separate 
the two terms in ( |13.10D via nonanalyticity in I. 



fLeg Factors 
According to the arguments of chapt. |ll], we expect that the Euclidean S'-matrices 
S^^ and should agree up to an overall normalization f[q) of the vertex operators Vq. 
This is because, for ^ 2, the BRST cohomology with the relevant quantum numbers is 
one-dimensional. Indeed, comparison with vertex operator calculations in Liouville theory, 
which will be described in sec. 14-2 below, shows that 

A,n(K,„ ...VqJ = Hr+' n w^^-^^i' • • • ■ (13.11) 

The factors 

m - M (13.12) 

are called "leg factors." Notice that for the Minkowskian S'-matrix they are pure phases, 
but the phases for incomers and outgoers are not complex conjugated. Comparison with 
the first quantized wavefunction for the spacetime boson, described by the Wheeler-DeWitt 
equation ( |5.21D , indicates that neither normalization in ( |13.11D is the correct physical 
normalization since standard first-quantized scattering theory predicts that the genus zero 
1^1 S'-matrix is j^^^j- This suggests that the correct normalization of the vertex 
operators is obtained by taking the squareroot of ( |13.12|) . All this needs to be clarified! 
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13.2. On the Violation of Folklore 

The c = 1 iS-matrix violates several standard aspects of S'-matrix folklore. It is 
commonly said, for example, that one cannot define an S'-matrix for massless bosons. For 
example, the standard LSZ prescription appears to be problematic because if we make a 
field redefinition 

$^X + a2X^ + a3X^ + -- - , (13.13) 

in the massless case there is no gap between the one-particle and two-particle thresholds, so 
iS-matrix elements appear to depend on the choice of interpolating field.il More physically, 
we cannot expect to tell the difference between (say) a rightmoving boson of energy E 
and two rightmoving bosons of energy E/2. A related mathematical point is that the 
momentum-space Green's functions should have cuts, not poles, so we can't isolate an 
S'-matrix element by extracting the residues at poles. 

In the present case we find that there are no cuts, but there are instead kinematic 
regions, and the momentum space Green's functions are continuous, but not differentiable, 
across regions. The S'-matrix will have a large symmetry group related to Woo, which is 
nonlinear in the momentum and allows us to distinguish a rightmoving boson of energy E 
and two rightmoving bosons of energy E/2. 

Another objection to massless S-matrices is that by a simple conformal transformation 
one can fill the vacuum with particles.!^ In our case, the "defect" or wall at r = breaks 
conformal invariance enough to forbid such freedom. 

We have also violated folklore in another way. The exactly solvable S-matrix presented 
below has particle production, yet at the same time has a large Woo symmetry. Typically, 
exactly solvable S-matrices in field theories with infinite numbers of conservation laws [p.35| 
do not have particle production. 

There are several related issues, connected with the interpretation of the wavefunction 
factors f{q). The resolution of these issues will probably require careful specification of 
how S-matrix elements are to be measured. 

Finally, we remark that the c = 1 S-matrix bears a great similarity to a number of 
other physical problems which have been of interest in recent years. These include the 



For a discussion of the independence of the S-matrix from a choice of interpolating field, see 
[79|,[T33|. 

Indeed, calculations of Hawking radiation in the CGHS theory [134| are based on this 
phenomenon. 
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Kondo effect, the Callan-Rubakov effect, Hawking radiation and particle scattering off a 
black hole (especially in the CGHS model |134j |) and 1 + 1 linear dilaton electrodynamics. 



Massless 5'-matrices have played a role in the theory of exactly solvable field theories. 



for example they have appeared in past discussions of the XXX and XYZ models [136 



and more recently have begun to play a more central role in the massless fiows between 



conformal field theories 137 



13.3. Classical scattering in collective field theory 

We now consider the classical scattering problem for the collective field using the 
picture of the time-dependent Fermi sea. Suppose the solution is given by (|12.3|) and 



represents an incoming wavepacket which is dispersed as it travels in phase space. We will 
derive a functional relation between the incoming and outgoing wavepackets |]9^ . 



Let us return to the general solution ( [12.3a, and assume there are no folds.0 
We may solve the first equation to obtain a±{X,t). If there were no dispersion of the 
wavepacket, we would find o"±(A, t) = t ±t. Denote the difference by a± = a± + da±. 
From the spacetime asymptotics of the solution ( p.2.3| ) above, we find 



5a±{t±T) = T'^og(^l + a{t±T + 5a±{t±T))^ , (13.14) 

and, in particular, 6a± becomes a function of one variable. The asymptotic behavior 
defining in- and out-waves is 

p±{X, t)^±XT^{l + i^^{tT r)) + 0{1/X^) , (13.15) 

where A +oo holding t =F r fixed. Plugging this into the expression {p± =F A)A and 
comparing with the general solution, we find that the waves can be expressed in terms of 
the function a as: 

l + tp^ = (^l + a{t±T + 5a{t±T))^ . (13.16) 

Thus we can calculate the time-delay, namely the relation between t and t' such that 

i^+ix')=i;+{t' + r)=ij_{t-r)=ij_{x): 

x' + da+{x') — X + da-{x) =^ x' — x + 2da-{x) , (13.17) 
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The conditions for this are given in | 138 |. 
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since from ( |13.14| ) we see that 5a+(x') = —Sa-{x). It follows from ( p.3.14|) and (|13.16| ) 
that that we have the functional relation between in- and out- waves: 

( \ (13.18) 

= i/j,^ f X -f log(l -I- j . 

From the derivation we see the essential physics: different parts of the wavepacket suffer 
different time delays. 

We now solve the equation ( |13.18|) , thus solving the classical field scattering and, in 



principle, the tree level S'-matrix of the theory. The solution of (|13.18[ ) was given in |p.38|| 
and is derived as follows. Suppose constitute a solution of the classical scattering 
equations ( p.3.18| ), and suppose further that -|- 7± is a nearby solution, where 7-1- are 
small. To first order in the variations, ( |13.18| ) becomes 

7_i_(5;) dx = 7_(a;) da; , (13.19) 

where x — x ^ log(l + \l/_(x)). Taking a Fourier transform of this equation, with 

/oo 
d^7±(0e^^" , (13.20) 
-00 

leads to 

7+(^) = ^/ dxe-^«-7-(^)(l + ^-(^))"^^ • (13.21) 

This may be regarded as a first-order differential equation in function space. Integrating 
this equation with the boundary condition = =^ = 0, we obtain the general 
solution of Polchinski's scattering equations: 

27r^±(0 = Y^y_ dxe-^^^((l + VT(x))'^^^-l) . (13.22) 
In position space this takes the form 

, r(±a^ + p- 1) (-^/'^(x))p 

(The ratio of F-functions is interpreted as a polynomial in derivatives.) 
This completely solves the classical scattering problem. 

157 



13.4- Tree-Level Collective Field Theory S-Matrix 



From the classical scattering matrix, we may derive the tree-level quantum S'-matrix 
by interpreting the left- and right-moving fields as incoming and outgoing quantum fields: 



V'i -V^-{dt ± dr)x± 



x+ 



X- 



4n^ 



(13.24) 



[«±(e),«±(n] = -e5(e+n ■ 



Now following Polchinski, we interpret the relation (|13.23|) as a relation between in- 
coming and outgoing Fourier modes: 



1 _i TjiTty) 1 

r(2 =F zr] -p) 



dPCSirJ-J2^^)■■^TiCl)■■■^ACp)■■ ■ (13-25) 



Quantum mechanically, the Fourier modes in (|13.24| ) are creation and annihilation oper- 
ators for left- and right-moving particles. Let us consider the S'-matrix element for one 
incoming left- mover of energy uj to decay to m outgoing particles of energies w = ^ : 



S,{u ^ = {0\a.{-u)l[a+iu^)\0), 

i=i j=i 



(13.26) 



where the vacuum is defined by a+{—u!)\0) = for ci; > 0. From (|13.25|) we may read off 
without further calculation the result: 



i=l 



,1. 



m — 1, 



n 



T(-iuj) 



UJ I I cUfcT^T r 

r(2 — m — iu) 



;i3.27) 



The corresponding Euclidean S'-matrix is 

/xl^l7^^+l(Ql, ...qm,q) = {]-T-H^\q\ \{ (A)— ^1^1"^ , (13.28) 



a formula we will obtain in the next chapter via continuum methods. 

Other S'-matrix amplitudes can be derived analogously ||138|| . The S'-matrix is not 
analytic in the energies uji and does not satisfy crossing symmetry. In general we 
must divide momentum space into kinematic regions. These are defined as follows. (It 
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is convenient to work in Euclidean space here). For any set S of momenta we let 
H{S) = {q & IR'^I X]ge5 Q — 0}- Then we take connected components of the region 

= 0} ^ - ^sH{S)\ = ]JC« , (13.29) 

where Ug is over proper subsets S of momenta, and the Cq are the disjoint kinematic 
regions. 

From the above formulae one can show that S is continuous on = 0} fl M^, and 

indeed in each region Cq., S'-matrix elements are polynomials in the qi. The polynomials 
change from region to region, however, so the S'-matrix elements are not differentiable 
across regions. 

Example: Four-point function. 

Both cases 5'c(c<;i ^ uj2 + ujs + uja) and S'c(c<;i +0^2 ^ cus + UJ4) are covered by the 
formula 

i{-fYluJi{l + iraiix{u^}), (13.30) 
where analyticity is lost due to the appearance of the maximal value maxjwi}. 

13.5. Nonperturbative S -matrices 

The tree level iS-matrix can be extended to all orders of perturbation theory, and 
can even be given an unambiguous nonperturbative definition by returning to the eigen- 
value/macroscopic loop correlators of chapt. ^ According to Def2 and (|13.9| ) above we 
must isolate the large A asymptotics of ( p.l.38|) . These in turn follow from the large A 
asymptotics of the Euclidean fermion propagator ( |11.37| ), which we now describe. 

The function / can be written in terms of parabolic cylinder functions, whose asymp- 
totics are well-known. In this way we find the asymptotics for A^ —>■ +00 to be: 

/(g,Ai,A2) ~ -Z^(e-^l^i-^^le*'^l«(^^)-«(^^)l 

+Rqe"'^G^^''^+G(r2))^-q(T,+T,)\ ^ ^(e-"^)) q>0 

^ (13.31) 

/(g,Ai,A2) ~ — ^(e^l-i-^le-^^l^("i)-^("^)l 
VA1A2 ^ 

+ {Rq)*e-'^^^^^'^+^^^^y'> e'5(^^+^2)) (1 + O(e-^O) q<0 , 



where G{t) is the WKB wavefunction factor. The two terms in (|13.31| ) may be understood 



intuitively as those corresponding to direct and refiected propagation of the fermions in the 
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presence of a wall. The function Rq is a Euclidean continuation of the fermion reflection 
factor R{E) for potential scattering with V{X) ~ — A^. In particular, for scattering on a 
half- line A G [0, oo), we have 



RiE) 



1 + ie-""^ 





iE) 



(13.32) 



^e— '-cos(|(i + z£;))r(i-zE) . 



The corresponding Euclidean "bounce factor" is given by Rq = R{fx + i\q\)- Using the 
rule \q\ ^ —iuj, we can pass easily back and forth from the Euclidean to the Minkowskian 
picture (keeping in mind that q < corresponds to incomers and q > to outgoers). 

In order to obtain the S'-matrix from (|11.38D we must substitute (|13.31D into (|11.38[) 
and isolate only the terms corresponding to the coefficients of the on-shell wavefunctions. 
In particular, we are only interested in the terms where (1) the factors of e*'^'^^'^) cancel, and 
(2) the overall r-dependence is proportional to ]^e~l'^*l'^\ The decomposition of / in terms 
of direct and reflected propagation is easily encapsulated in a diagrammatic formalism 
whose detailed derivation is given in [ p.32| | . The final result is sufficiently intuitive that the 
reader should be satisfied with our presentation here without proof. 



fl(^ + (CO-COj)) 



A t 




+00 J 






r CO- (Oj 






-(CO-COj) 





(CO , CO) 



Fig. 27: 1^1 scattering 



Consider the case of 1 1 scattering, illustrated by fig. 27. We have depicted an 
incoming relativistic boson, which may be fermionized to a particle-hole pair. The particle 
and hole undergo potential scattering, and refiect back from the wall. They may then be 
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rebosonized. The amplitude for this process is simply an integral over possible particle- 
hole energies weighted by the reflection factor for the particle and hole, that is, we have 
the 1 — > 1 S"- matrix element: 

S{uj^uj)= duji R* in - uJi) R{iJ + {uj - uJi)) . (13.33) 
Jo 



q > / ^ \ q < 

I = 



(a) (b) 

Fig. 28: a) A pictorial version of the integral / for positive momentum, b) A 
pictorial version of the integral / for negative momentum 




Fig. 29: Incoming and outgoing vertices. The dotted line carrying negative (pos- 
itive) momentum qi should be thought of as an incoming (outgoing) boson with 
energy \qi\. Momentum carried by lines is always conserved as time flows upwards. 



This intuitive description may be formalized by the following set of general rules:E3 
To each incoming and outgoing boson associate a vertex in the (t, r) half-space. Connect 
points via line segments to form a one-loop graph. Since the expression for / in ( p.3.31|) has 
two terms, we have both direct and reflected propagators as in flg. 28. Each line segment 
carries a momentum and an arrow. Note that the reflected propagator in flg. 28, which we 
call simply a "bounce," is composed of two segments with opposite arrows and momenta. 
These line segments are joined according to the following rules: 

RHl. Lines with positive (negative) momenta slope upwards to the right (left). 

RH2. At any vertex arrows are conserved and momentum is conserved as time flows 

upwards. In particular momentum qi is inserted at the vertex as in flg. 29. 
RH3. Outgoing vertices at (tout, Tout) all have later times than incoming vertices (tin, Tin): 

tout ^ tin. 
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The following is paraphrased directly from [132]. 
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R(H + CO ; V ) 






R*(|a - CO ; V ) 



- CO 




Rq q<0 



Fig. 30: Bounce factors for reflected propagators. The Minkowskian factors are 
shown at the left, and their Euclidean analogs are shown at the right. 



To each graph we associate an amphtude, with bounce factors R for reflected propaga- 
tors as in fig. 30. and ±1 for upwards (downwards) sloping direct propagators. Finally, we 
sum over graphs and integrate over kinematically allowed momenta, thus getting a formula 
for the Euclidean amplitudes TZn which reads schematically: 

7^ = ^ 5^ ±y"dQ n ^q(-^q)* ■ (13-34) 



graphs 



See fl32| for more details. 



bounces 



A t 




(Cl)j , ) 



(-co , (O) 



< X < 0), 



A t 




(-0) , CO) 



C0j< X < a)j+ co^ 



Fig. 31: 1 — > 2 scattering 



Exercise. 

Returning to Minkowski space, derive the 1 — > 2 scattering matrix by showing that 
the two diagrams in fig. 31 correspond to 



dx + uj — x) R* [pL — x) — / dx R{^ + uj — x) R* — x) . (13.35) 

J u^x 
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Finally, we must relate these nonperturbative S'-matrices to string perturbation theory. 
By double-scaling, the string perturbation series can be extracted by restoring the string 
coupling n ^ h/k and taking k ^ asymptotics. This is the same as taking ^ oo 
asymptotics holding pi or Ui fixed. Thus we need the asymptotic behavior of the bounce 
factors. To all orders of perturbation theory, we can replace the expression (|13.32| ) by the 
simpler expression for the Euclidean bounce factor at p > 0: 



Here the Qk are polynomials in p. 

13.6. Properties of S -Matrix Elements 

From the above algorithm one can calculate any iS-matrix element. Some general 
properties of the S'-matrix elements following from the above construction are the following. 
First let us define some notation. By KPZ scaling, the Euclidean S'-matrix elements 



define certain functions Fh{qi, . . . q^) associated to the moduli spaces M.h,k of curves with 
h handles and k punctures. Defining different kinematic regions as in eq. ( p.3.29|) , one 
can then show: 

Some Properties of perturbative amplitudes: 

i) Fh is parity-invariant: Fh{qi) = Fh{-qi). 

ii) Fh is continuous on = 0} fl 

iii) In Cq,, Fh is a polynomial in the momenta with rational coefficients. In general the 
polynomial is different in different regions. That is, the expressions are continuous 
but not continuously differentiable. 

iv) The degree of the polynomial is 2k Ah — 3. 

v) As any momentum goes to zero, we have 



vi) If qi G Z, then Fh = for sufficiently large genus, specifically, for 2h — 2 + k > '^\qi 




(13.36) 




(13.37) 



1=1 




(13.38) 
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Property (i) follows from the integral representations of macroscopic loops [^|. Prop 



erties (ii),(iii) and (v) are proved in ||132|| . (Property (iii) was first noted in ||9; 



Properties (iv) and (vi) are proved in ||139|| . 



Properties (ii-v) have interesting physical interpretations: Properties (ii) and (iii) 
result from having derivatively coupled massless bosons. Usually, massless particles lead to 
cuts in the iS-matrix. In our case, the cuts become simple discontinuities of the derivatives 
with respect to energy. Property (iv) essentially says that at large spacetime energies 
the string coupling becomes effectively energy dependent, K^f^{u) ~ uP' j \i. This effective 
energy-dependence of the string coupling has been discussed from the continuum Liouville 



theory point of view in ||14C 



Exercise. Energy-Dependent Effective String Coupling 

Derive the rule k^^{u}) ~ a;^ from the Liouville theory as follows [ |140| ]: From the 
formula for Liouville energy, compute the turning point in 0. Plug into the formula for 
the spatially-dependent string coupling to find Kgg(aj) = Kq ea'^'/' = kqoj^ j y^. 

A related phenomenon is the inapplicability of the string perturbation expansion for 
high energy scattering [^^. The asymptotic expansion for string perturbation amplitudes 
is an expansion at fixed uji for -|-oo. Ordinarily in physics we measure physical values 
of the coupling constants (e.g. a = and we probe physical laws by building ever larger 
and more expensive accelerators, i.e., by increasing the energies w^.i! In the c = 1 model 
we would find, at fixed \x and sufficiently high energies, that the string perturbation series 
ceases even to be an asymptotic expansion. At such energies new physics must emerge 
and the string approximation — which is now seen to be only a low energy approximation 
— breaks down. In the present context the "underlying physics" which we would discover 
would be the spacetime matrix model fermions. It remains to be seen if this situation is 
typical of nonperturbative string theory. 

f Decoupling of the cosmological constant 
The low-energy theorem, property (v), is probably related to the decoupling of one 



of the two cosmological constant operators, and plays a key role in the analysis of [|140 | 



Taking a naive g — > limit of the tachyon vertex operator, we obtain Vq — * e^'^(l -|- 
{iqX — |q'|(^)/-\/2 -f O^q^f). One may therefore try to interpret property (v) in terms of the 
decoupling of the cosmological constant operator e^*^ and as well the "operator" Xe^"*^, 
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Ignore renormalization group flow of couplings, for the sake of this argument. 
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since the leading term in amplitude goes as \q\ which multiplies the "operator" cpe^'^. 
This fits in well with the Seiberg bound ( |3.40| ). By a limiting process, we may interpret 
QV2(j} ^j^g KPZ dressings of the unit operator. We choose the root of 

the KPZ equation ( ^.191 ) so that the exponential grows at (p —>■ — oo, this being the root 
we expect to correspond to a local operator. In the present case we must choose the root 
(j)Q^4>^ as anticipated in the paragraph following (|4.11|) , and in accord with the argument 
given at the end of sec. 

Exercise. Spacetime interpretation of the bounce factor 

Apply the low energy theorem, property (v), to the two-point function to show 
that the "bounce factor" is the one-point function of the tachyon zeromode [141|: 



(To) = ilogi?(/i;F) . (13.39) 



We regard property (vi) as intriguing: it strongly hints at a topological field theory 
interpretation of c = 1. 

13.7. Unitarity of the S- Matrix 



One immediate application of the algorithm of sec. 13.5 is that we can give a very 



simple and conceptual discussion of the unitarity of the S'-matrix ||132 



3. Bosonization 




2. Free Fermion 
Scattering, Spp 



O 1 . Fermionization 



Fig. 32: Composition of three maps: fermionization, free-fermion potential scat- 
tering, and rebosonization. 
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The key observation is that the combinatorics of connecting hnes according to the 
diagrammatic rules of the previous section is identical to the combinatorics of bosonization. 
We can then describe the algorithm as a three-step process: fermionization, then free- 
fermion potential scattering, then rebosonization, as shown in fig. 32. 

To be more precise, we describe in/out bosonic Fock spaces made from the 

Heisenberg algebra of in/out massless bosons: 0(77)^"/°"* where 77 G IR, [a(?7), 0(77')] = 
77'5(77 + 77') and the in/out vacua are defined by a(?7)|0) = for 77 < 0. Now, the Hilbert 
space of the theory may also be described in terms of the Fermionic Fock space H^-p 
defined by the oscillators a{E) of sec. (see (|11.31| , |11.32| )).i^ As is well-known, the 



fermionization map 

d^a{ii + Oa^{l,-{rj-0) (13.40) 

-00 

defines an isometry -ffpp = jF'"/°"*, where the superscript indicates restriction to the 



sector with the difference ^particles — Wholes = 0. Thus, the prescription of sec. 13.5 may 



be summarized by writing the collective field S'^'^ as a composition of three maps: 

5cF = o S'ff o tfa^/ , (13.41) 

where ib^f is the fermionization map, Lf^b is the inverse bosonization map, and S-p-p 
is the free-fermion potential scattering 5'-matrix defined by (|13.32| ). Although standard 



bosonization is definitely not exact for the nonrelativistic fermion systems, the asymptotic 
bosonization is exact for fermions in a potential approaching V{X) ~ — at infinity, and 
this suffices for computation of the 5'-matrix. 

From (|13.41|) , we immediately deduce that the S -matrix is nonperturbatively unitary 



if and only if Spp is unitary. There are two immediate consequences of this remark. 

1) In theories with no infinite wall where the refiection factors have absolute value 
smaller than one, the theory will fail to be nonperturbatively unitary. This is not because 
bosons can tunnel, but because a single fermion in a particle-hole pair can tunnel, thus 
leaving a nontrivial soliton sector on either side of the world. Put another way, if we 
insist that the (left and right) Hilbert space of the theory be -ffpp (again the sector with 
T^particles — Wholes = 0) then the model will be non-unitary. If we allow nonzero 
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We are describing only one world so we drop the e label. 
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particle — jj^ hole number, i.e., nonzero soliton sectors, then nonperturbative unitarity will 
be restored. A target space string interpretation of the solitons would be quite interesting. 

2) By making small perturbations of the matrix model potential fig. 21, we can produce 
infinitely many nonperturbatively unitary completions of the string 5'-matrix ||132|| . In 



other words, the requirement of nonperturbative unitarity is a very weak constraint on 
nonperturbative formulations of string theory. Strangely, the situation is opposite to that of 
unitary c < 1 models coupled to gravity, where no satisfactory nonperturbative definitions 
exist. In either case, we see that matrix models have been somewhat disappointing as a 
source of nonperturbative physics. 

13.8. Generating functional for S -matrix elements 

The key formula ( |13.41J ) leads to a concise generating functional for all ^-matrix 
elements ||141|| . A very intriguing aspect of this formula is that it involves the asymptotic 
conformal field theory in spacetime in a natural way. 

We have mentioned above that the collective field theory, or equivalently the spacetime 
tachyon theory T{(p,t), is asymptotically a conformal field theory. In fact there are two 
asymptotic conformal field theories corresponding to the two different null infinities 
in the past and the future. According to ( |13.41j ), the entire content of broken conformal 
invariance in the interior is summarized by the potential scattering of fermions: 

a{E)out = R{E)a{E),^ = a{E\^ S 

^ . \ (13.42) 

S^exp( dElog{R{E)){a\E)a{E)).) . 

J — oo 

As we have noted, unitarity of the S'-matrix is equivalent to the identity R{E)R{E)* — 1 
on the reflection factors. 

We may use ( |13.42D to summarize the entire S'-matrix as follows. Define vertex oper- 



ators with normalization 

VL^ = (13.43) 
relative to the normalization of ( |5.22| ), and define the generating functional 

/x2^[t(a;),t»] =((er'''^*(")^"%r^'^'"^'^)^-~)) , (13.44) 

where ((...)) indicates a sum over genus and integral over moduli space, ^/j>o Jj^^ 
(as in (|11.61| )), and the subscript c indicates the connected part. The genus expansion of 
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( p. 3 .441) is given by JF = jFg + + ■ ■ ■, and thus by KPZ scaling, combining (|13.41D and 
( p. 3 .421) we have the formula ||141j| : 



'|0)c. 



;i3.45) 



The expression ( |13.45| ) has a simple compactified Euclidean space analog. If we take 



the Euclidean coordinate X to have finite radius /9, then from ||142| , |143|] , we see that the 
only modification in ( 11.38| ) is that bosonic momenta instead lie on a lattice q E and 
the fermions, now interpreted as being at finite temperature ^, have Matsubara frequencies 




T = 

(matrix model wal 



Fig. 33: The Euclidean spacetime of the matrix model in natural coordinates. 
Note that the asymptotic conformal field theory on spacetime is concentrated in 
the "ultraviolet" region at the center of the disk. 



The analytic continuation of the asymptotically conformal collective field is given by 
the standard c = 1 scalar field 

o , in/out / N in/out -n-1 



(^) = 5^</°"*;2— 1 , (13.46) 



where z = e""^"*"*^, so that the Euclidean spacetime in the 2;-plane looks as in fig. 33. 

In particular, the bosonization becomes the standard one with Weyl fermions in the 
Neveu-Schwarz sector: 



1 z-"^-^ 

mET mez (13.47) 



The Euclidean analog of ( |13.42| ) is 



V'!-V+l)=^(^ + ^l'"^)^-Tm+l) 



(13.48) 
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where Pm = (m + ^)/(3. 

Thus defining Euchdean equivalents % = ^^i-kl/s ^^Ogl ^ Vg of (p^ , the Euchdean 
analog of (|13.44| ) becomes 



1 V- V- (13-49) 



where |0) is the standard SL{2,€) invariant vacuum and the scattering operator is now 
given by 

The formulae ( |13.44| , p.3.49| ) are enormous simplifications over previous expressions for 
c = 1 amplitudes. They also clarify several mathematical properties of the c = 1 iS-matrix, 
in particular, its connections to integrable systemsJllI 

13.9. Tachyon recursion relations 

From the previous formulae we can obtain some interesting relations between tachyon 
amplitudes. We will restrict attention to genus zero with X uncompactified in this section. 

We may interpret the solution ( |13.22| ) or ( |13.25D to the classical scattering problem in 
terms of operators in the coherent state representation acting on the generating functional 
Z of all amplitudes. This leads immediately to the wi+oo fiow equations for genus zero 
amplitudes. The equations are most elegantly stated at the self-dual radius, or by working 
at infinite radius but restricting to integer momenta. In either case we have: 

d f 1 /- \n+l 

where we have the coherent state representation: 



61 



M. Green and T. Eguchi have pointed out some intriguing similarities between the present 



discussion of the c = 1 S-matrix and the topological-antitopological fusion of | 144 |. Indeed, a 
picture of in- and out- disks joined along the r = boundary of fig. 33 defines exactly the same 
geometrical setup. 
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and in ( 13.51 ) we only keep terms to leading order in the 1//U^ expansion for any given 
correlator. 

In terms of explicit constraints on amplitudes, these flow equations lead to the follow- 
ing relations between tachyon amplitudes ||138|| . The identities are most simply written in 
terms of 

Consider first the insertion of a "special tachyon," with q G If we continue uj ^ in 
with n G then the series ( |13.25|) truncates after n + 1 terms. These terms have a 
"universal" effect in correlation functions. Specifically, an insertion of 7^ is given by 

m m p/ X min(m_,fc-l) 

""I-' (13.54) 

Si,...Sfe_,i=l ^ 

where q > 0.il The notation is as follows: Let 5" = {qi . . .Qm}, and let 5"" denote the 
subset of S of negative momenta. Denote m_ = \S-\. The sum on T is over subsets of S~ of 
order /. The subsequent sum is over distinct disjoint decompositions SiJI. . .JlSk-i = S\T. 
q{T) denotes the sum of momenta in the set T. The momenta qi are taken to be generic 
so that the step functions are unambiguous. This entails no loss of generality since the 
amplitudes are continuous (but not differentiable) across kinematic boundaries [pO| . 
The first two examples of ( p.3.54| ) are: 

n 

n = l: {'ril[r,^)= Yl k^ + l|(^,.+in^^.) (13.55) 

m 

n = 2: -TT^ \ 



1=1 gi< — 2 j/i 

+ E I?* + + 2|(rg^+g^.+2 n 



qi+qj<-2 k^ij 
qi,qj<0 



+ E E (^{<liSi))Q{Si)0iq{S2))q{S2){T.,^s.)U^q,){T.,^^^^ 

q^<-2 SiUS2=S\{qi} Si S2 



(13.56) 



In [135] these were written, with no loss of generality, for positive integer q. The case m- = m 



is exceptional (( 13.54 ) vanishes while the correlator does not) but the amplitude is known from 
( 13.27 ). This ungainly feature is not shared by ( |13.51| ). 
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Note that in ( p.3.56|) there is a change in tachyon number by one in the second hne, and 
the product of two correlators in the third hne. The pattern continues for higher n: there 
are terms with \T\ = I = k — 1 removing / incoming tachyons, which are hnear in the 
correlators, and terms with a product oik — I correlators. Using the representation ( |13.44D 
one can write the analog of ( |13.51| ) , which is valid to all orders of 1 //U perturbation theory. 
Essentially, the tfi+oo algebra is replaced by the VFi+oo algebra |p.41|| . 

13.10. The many faces of c = 1 

In recent years many authors have tried to relate other interesting physical systems 
to the c = 1 matrix model. These include: 

1) Two-dimensional black holes. 

It was originally proposed by Witten that the 5'L(2, IR)/C/(1) model of black holes 
would be, in some sense, equivalent to the c = 1 model. This fascinating conjecture has 
inspired an enormous literature, but, despite all the work, the situation remains confused. 
Space does not allow a proper review here. A small sampling of the vast literature includes 
the following proposals: 
a) The models are equivalent after a non-local integral transform on the field variables. 



In [p.45|| , a transform from the Liouville equations of motion to the SL{2,'IR) / SO{2) 



equations of motion is proposed. See also ||146|| . In ||147|| , this transform was composed 



with the r-space to (^-space transform described in sec. \12.4 - The results so far have 
been limited to transforms of the tachyon equations of motion and, when treated 
nonperturbatively, have some difficulties with singularities at the horizon and/or the 
singularity. There have been many variants of these proposals in the literature. See, 



for example, ||148 



b) The models have different operators turned on corresponding to non-normalizable 
modes. Consequently the (Euclidean) black hole and the c = 1 model are in different 
"superselection sectors" [|14C1|] . 

c) The 2D black hole and the c = 1 model are equivalent; the c = 1 S'-matrix includes 
black hole formation and evaporation as an intermediate process, but the black hole 
physics is difficult to recognize because of the exact solubility of the model. Specifically 
the Woo symmetry of the theory makes black holes difficult to recognize in the c = 1 
S'-matrix. This has been advocated in ||149| . 



d) The 2D black hole and the c = 1 model are related, but are different cosets of SL(2, H) 



current algebra [150 . 
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e) The c = 1 model is equivalent to a twisted N = 2 supersymmetric SL{2,]R)/U{1) 



model [151 



f) The models are not equivalent and we will learn nothing about black holes from the 
c = 1 model. Several physical arguments may be advanced in favor of this viewpoint. 

2) Topological Field Theory. 

In ||152yi51|| , a relation between the c = 1 model with X compactified on a self- 
dual radius and a certain topological field theory has been proposed. This is potentially 
significant because the c = 1 model has, as we have seen, local physics and a nontrivial 
S'-matrix. This topological field theory is a twisted SL{2,JR)/U{1) Kazama-Suzuki model 
at level k = —3 coupled to topological gravity. Among other things, this interpretation 
would equate the tachyon iS-matrix for Tfc. with the Euler character of the vector bundle 
V ■M.g,n whose fiber at a Riemann surface E is 



;i3.57) 



where K is the canonical bundle of E. This conjecture has been checked for the free energy 
| 153|| and for the four-point function | 152 , 151 |. Checking this in other cases appears to be 
quite nontrivial. 

3) 2D QCD. 

Very recently [p.54||, a connection with two-dimensional QCD has been advocated. 



14. Vertex Operator Calculations and Continuum Methods 

Matrix model reasoning is extremely indirect. It is therefore important to verify matrix 
model results directly via vertex operator calculations. Aside from logical consistency, it 
is useful to see how matrix model results are explained by standard string-theoretic ideas 
(for example in terms of operator product expansions, etc.). Moreover, vertex operator 
calculations are the only known approach to the supersymmetric models. 

14- 1- Review of the Shapiro- Virasoro Amplitude 

Many of the important ideas of string perturbation theory are nicely summarized in 
one of its oldest results: the Shapiro-Virasoro amplitude for 4-point scattering of string 
tachyons. Although this material is completely standard, it is good to review it before 
plunging into the bizarre world of 2D string theory. 
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The relevant density on moduli space for the scattering of four on-shell closed string 
tachyons is 

n(Vp,,yp,,yp3,ypJ =d^Ad^|^|2piP^|^-l|2P2P^ , (14.1) 

where z = -213^24/^12^34 and ^pf = 1. 

In this case, the integral over moduli space 7Vlo,4 can be done using the formula 

/ d^z\z\^''\z-l\^^ = 7rA{l + a)A{l + b)A{-a-b-l), (14.2) 

and hence 

A (V T/ V v ^ ^ r(i + pi ■ ps) r(i + P2 ■ ps) r(i + pa • ^4) 

r(-pi ■ Ps) T{-p2 ■ P3) T{-ps ■ P4) 

The left hand side of ( |14.2|) converges when the arguments of all the F-functions are 
positive. Amplitudes in other kinematic regimes, obtained by analytic continuation in the 
external momenta, have an infinite set of poles at the values: 

i(pi+P3)' = i,o,-i,... 

i(P2+P3)' = 1,0,-1,... (14.4) 

i(P3+P4)' = 1,0,-1,... 

These poles have both spacetime and worldsheet interpretations: 

Spacetime interpretation. The poles signal the existence of new particles in the 
theory. At the above values of t, u, s, there is an on-shell particle in the respective channel. 
This is the first signal of the infinite tower of string states of arbitrarily large target space 
spin. 

Worldsheet interpretation. The poles arise from the terms in the operator product 
expansion. The poles in the t channel, for example, are best understood by considering 
the operator product expansion of operators Vp-^ with Vp^. Then we have: 

cce'P^-^{z, z) cce^Pi-^(O) ~ ^ $'(0) ($,(oo) cce^P3-^(z, z) cc\px) (14.5) 

where $^ has ghost number 4. Thus we can interpret the expansion of O in powers of z as 
a statement about the factorization properties of the correlator: 

(yVVV) . (14.6) 

s 

Exercise. Gaussian OPE 

Express the operators in (14.5) in terms of Schur polynomials of d^c,d^X. 
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The expansion is only convergent for \z\ < 1, so we must separate the integral over 
moduli space into two parts: \z\ < p and 1^1 > p, where p < 1. In the first integral we may 
use the OPE and integrate term by term to get: 

2n+2+2pi-p3 r 

A,4 = 27r J] „ (^1^3$-) ($.^2^4) + / O . (14.7) 



n> 



Thus we see that the poles in the i-channel come from the contribution of operators in 
the Vi, V3 OPE that satisfy \{j>i + ps)^ = 1, 0, —1, .... Furthermore, the Fock space for 
the Gaussian conformal field theory (tensored with ghosts) may be decomposed into states 
which are BRST cohomology representatives, unphysical states, and trivial states, in a 
manner invariant under the conjugation $s That is, the factorization behaves 

schematically like: 

|phys)(phys| + |unphys) (trivial | + [trivial) (unphys| . (14-8) 

Since the Vi are BRST invariant, only the BRST invariant operators can contribute to the 
sum in ( p.4.7|) . Thus we finally conclude that the infinite sum of poles in the scattering 
amplitude stem from the BRST cohomology classes in the operator product expansion. 
Similarly, the poles in the s, u channels arise from the other two boundaries of moduli 
space. 

Note, in particular, that it would be inconsistent with unitarity to truncate the string 
spectrum to lowest lying states. 

Exercise. BRST puzzle 

When pi +P3 is not on-shell, every term in ( |14.5| ) is a BRST commutator so Vp^Vp^ 
is BRST trivial. Explain why this does not imply that the four-point function is zero. 

14-2. Resonant Amplitudes and the ''Bulk S -Matrix" 

Unfortunately the Liouville theory is incalculable: we cannot even write the density 
on moduli space in general, much less integrate it. We can of course calculate in the free 
theory at p = 0. This has led to a large literature on the "Bulk scattering matrix" to 
be contrasted with the "Wall scattering matrix" or VK-matrix discussed in the previous 
chapter. 

Bulk scattering is scattering in the p = theory with the condition s = 0, where s is 
the KPZ exponent ( |3.44| ), is imposed as a kinematical condition. This makes best physical 
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sense if we rotate cp it (as we may when /U = 0) , and regard X as a spatial variable. We 



are therefore discussing theory B of sec. As explained there, the vertex operators are 
given by ( p. 24] ) and we have energy and momentum conservation laws for the amplitude 



;i4.9) 



Standard vertex operator calculations now give 

r ^ 

i=4 i<j 

where we take the three points at 0, 1, oo as usual, Sij = (3i(3j — (3 = \pi + kj \p2 

for T^, and /3 = — p/\/2 for T~ . The amplitude ( p.4-10|) is known as the "shifted 
Virasoro-Shapiro amplitude" and is quite similar to the familiar expressions for strings in 
Minkowski spacetime. Let us examine these amplitudes more closely. 

Consider first the case where all vertex operators but one have the same chirality, 
without loss of generality we take say (+, —^)- If the "effective masses" rui = |(/3f — ) = 
1 — Pi > 0, and Pi+Pj > 1, then the integral ( |14.10|) is convergent and well-defined, and 
results in 

N N j^_2 

This has been shown in |^,^ by analytic arguments and in ||155|| by an elegant algebraic 
technique. Note in particular that: 

1) Pi^ki G IR. We have put |U = so there is no longer any rationale to impose the 
Seiberg bound ( p.40|) . 

2) As in 26 dimensions, we can continue to other momenta for which the integral rep- 
resentation does not converge. Then there are poles, but in this case they occur for 
Pi = 1, 2, ... . These are known as the "leg poles." 

3) We already see a remarkable difference between D = 2 and D > 2 strings since in 
general there is no simple closed formula for ( |14.1C1| ) for > 4. 

Let us now consider other combinations of chiralities. We find a new surprise. Because 
of kinematic "coincidences" , one cannot define the integrals, even by analytic continuation, 
since one is always sitting on top of a F-function pole or zero. Indeed it has been argued 
in P3,H9[ that these amplitudes are zero, at least for generic external momenta. 
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Example. Let us consider the most general four-point function. In string theory, 
we apply the fundamental identity ( p.4.2|) . Usually we use this expression in conjunction 
with analytic continuation in the momenta to define the scattering matrix in all kinematic 
regimes. Let us apply this to the amplitude (T^^T^^T~^T~^Y The kinematic constraints 
( |1T9| ) force pi + p2 = -{h + = 2. Thus the third factor of (11X21) becomes A(2) = 0, 
while the first two factors remain nonsingular for generic momenta. 




Fig. 34: Several nonvanishing bulk processes. One can also take the parity con- 
jugate of each the above processes. 



The mixed chirality amplitudes are put to zero by some authors [H9| , |48| , p!56[ and argued 
(on the basis of unitarity equations) to be proportional to 5-functions in momenta by others 
||157| , |158|| . Taken together these amplitudes define the "Bulk S'-matrix," or S-matrix for 
short. Bulk scattering is quite peculiar, some examples of processes are drawn in fig. 34. 
The existence of particle creation/annihilation in some processes is not surprising given the 
time- variation of the background, and in particular of the coupling constant. The existence 
of 5-function singularities in the other S'-matrix elements suggests that the spacetime 
background with /i = is highly unstable. 

^ Factorization on discrete states 



It should be emphasized that the simplicity of the formula for A^-tachyon scattering 



amplitudes ( p.4.11|) is extremely remarkable. The analogous singularity structure for the 26- 
dimensional string would be vastly more complicated. Physically this arises because in 2D 
there is only one propagating degree of freedom. Nevertheless, since the amplitudes ( |14.11 



were calculated using free-field operator products, the standard discussion of sec. \14-A 
applies here as well, with some small modifications implied by the kinematic laws ( |14.9| ). 
This has been carried out in detail in ||157| , |156|| . Using the free field OPE as in sec. \14 ■ 4 
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in 1 156] it is shown that the "leg poles" in (|14.11j ) may be interpreted in terms of on-shell 



intermediate discrete states. The vanishing of the mixed chirality amplitudes is important 
in their discussion. While this makes sense from the worldsheet point of view, the existence 
in spacetime of (normalizable!) modes which are only physical at discrete momenta is quite 
peculiar and has not been adequately interpreted. 

14-3. Wall vs. Bulk Scattering 

We finally discuss the relation of the S-matrix to the 1^-matrix, that is, we compare 
amplitudes at /i = with amplitudes at > 0. Since we cannot expand in /i we have no 
right to expect a simple relation. Moreover, the perturbative VK-matrix does not have a 
good fi ^ limit. Nevertheless, there is an interesting series of conjectures explored in 



47| , ^ , |49|| on the relation between these S'-matrices. We describe these here. 

To compare, we must continue back to Euclidean space and impose the Seiberg bound 
( p.40|) . Thus we only consider processes with > 0, and T^, A; < 0. The chirality 

rule thus becomes the rule that amplitudes are generically zero unless all but one of the 
momenta ki have the same sign. Without loss of generality, we take ki, . . .k^ < 0, hence 
s = implies that /cAr+i = — 1. We now try to relate the /i = and n > theories by 
integrating over the Liouville zero mode as in sec. splitting (p = (po + (p. This gives: 



{V...V) = f,^r{-s){V---V)^^^^, . (14.12) 

Since s = 0, the RHS is ill-defined, but the pole of the F-function has a nice physical 
interpretation. Returning to fixed area correlators we see that it arises from an ultraviolet 
A ^ divergence. That is, in spacetime terms, a divergence from an integration over the 
volume of the (/)-coordinate. We may therefore regulate the theory and consider log /i the 
regularized volume of the world, 

d/4 

_e-/^^^log(^e) . (14.13) 

To extract the residue of the s = pole, we divide by the volume of (^-space. As mentioned 
in sec. p.^ , the Liouville interaction is effectively zero in "most" of (/)-space so we should be 
able to treat 4> as a, free field in this regime and calculate the residue of the s = pole with 
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free-field techniques. But this calculation just leads to the S-matrix. Using the free-field 



result (|14.11| ) gives {ki < 0, i 



:l,iV): 



,11=0 



N 



TT 



N-2 



N 



TT 



iV-2 



r(i 



(A^-2)! 
(iV-l)+e) 



i=l 



{N-2) 



'14.14) 



nA(m.)(|)"-v+"-^ 



s=0 



where now rrii = 1 — \ki\ and |A;Ar+i| = — 1 and we regulate by taking s = e ^ 0. Di 
Francesco and Kutasov have generalized this result to positive integer values for s by 
carefully taking limits ki —>■ 0, and find 

N+l 

;i4.i5) 



The equation (|14.15|) has an obvious "continuation" to s ^ with s = 1 — N + \kN+i\, 
where the RHS becomes well-defined and finite. Remarkably, comparison with the matrix 
model result (|13.27| ) shows that we obtain an identical amplitude ( |13.27| , |13.28| ) differing 
only by "wavefunction renormalization factors" f{q) (|13.12 ), and the continuation \p\ 
—iuj appropriate to the VF-matrix. In order for this story to be consistent, we should 
understand from the VF-matrix why the mixed chirality amplitudes vanish. The reason is 
that in these kinematic regimes, the KPZ exponent is typically fractional. For example, 
for 2 — » n scattering with pi +P2 = ki + ■ ■ ■ k^ we have s = 2 — n + pi + p2, even when leg 
factors blow up fx^ is fractional, there is no log fx dependence and hence no "bulk" piece 
proportional to the volume of the world. 



Di Francesco and Kutasov have argued that is is nevertheless possible to use the 
data of the S-matrix to obtain the remaining VF-matrix elements at 7^ 0. The crucial 
point is that one must use spacetime reasoning [^. First, note that ( |14.15|) depends (up 
to wavefunction factors) on the momenta only through a polynomial. Therefore, we can 
construct a local spacetime field theory of the tachyon field analogous to the macroscopic 
loop field theory of sec. \1 1 . 6|.ii In 



it is shown that ( p.4.15| ) uniquely fixes all the inter- 
actions in the Lagrangian and that one can proceed to calculate the amplitudes in other 



"Local" means we have an finite set of local finite derivative interactions for each interaction 
involving n fields. In total, the Lagrangian involves an infinite set of interactions. 
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kinematic regimes at ^ ^ using this field theory. In all cases where the procedure has 
been checked (five- and six-point functions), the amplitudes obtained from this procedure 
agree with the matrix model amplitudes. Thus, the S-matrix element ( |14.11[ ) at /U = 
completely determines the fJ. ^ VF-matrix. These arguments have not been extended to 
higher genus and the equality of ^'-matrices thus remains conjectural (although physically 
plausible) . 
Remarks: 

1) As we discussed in the previous section the leg factors of the S-matrix give poles 
corresponding to on-shell intermediate discrete tachyons. On the other hand, for the 
Euclidean VF-matrix the analogous factors are of the form (|13.12| ), and have poles at 
\q\ & In the physical regime of the VF- matrix, these correspond to phase factors 

which do not have poles in the physical regime. This makes perfectly good sense. As 
we have discussed, the poles of the leg-factors correspond to non-normalizable states with 
imaginary momentum, they cannot appear in intermediate channels for physical scattering. 
Thus, we see that at > the different nature of the Liouville OPE essentially changes 



the physics and alters the standard discussion of sec. In particular, the VF-matrix 

has the peculiar property, unique among string theories, that the tachyon /S-matrix is a 
unitary scattering matrix in the absence of all other string states. 



2) These calculations have been extended to the open string in [ 159 |, in which case 
the amplitudes have a pole structure much more complicated than the closed string bulk 
amplitudes above. Explaining these amplitudes remains an important challenge for the 
matrix model approach. 

14-4- Algebraic Structures of the 2D String: Chiral Cohomology 

We have seen that, at least at /U = 0, the 2D string has a rich spectrum of cohomol- 



ogy. As mentioned in sec. |5.4 this may be taken as an indication that the D = 2 string 
background is a much more symmetric background for string theory. By contrast, the 
Minkowski background of standard critical strings would seem to be a very asymmetric 
background, not at all a good place to look for underlying symmetries and principles of 
string theory. With these motivations in mind, several groups have intensively investi- 
gated the algebraic structures defined by the BRST cohomology of D = 2 string theory 
i6^,|69|,|67| JT31] , p^ , p^ , |16T . 
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Quite generally, the operator product algebra of the chiral operators in a conformal 
field theory defines an example of a mathematical object known as a vertex operator algebra 
162|| . Indeed much of the work on conformal field theory (especially RCFT) has been an 



investigation of these algebraic structures ||163| , |164| . In string theory, where there is a 
BRST operator Q, additional structures arise. This is nicely illustrated in the example of 
the operator product algebra of the 2D string. 

First let us consider the absolute chiral cohomology at the self-dual radius. As we 
have described in chapt. ^, this is spanned by operators at ghost numbers G = 0, 1, 2 for 
the (-l-)-states: 

G = Oj„m 

G = l aOj„m (14.16) 

G = 2 aY+^ , 

together with the (— )-states at ghost numbers 3,2,1, which are dual via the tilde- 
conjugation. 

The operator product of the ground ring operators O E Q can be restricted to the 
BRST cohomology: 

Oi{x) 02{y) ~ 0^{y) mod{Q, *} , (14.17) 

since the operator product is nonsingular and and ghost number is additive. Thus, the 
ground ring operators form a ring. One can show that the BRST reduction of the operator 



product algebra is [67 



(y) mod{Q,*}. (14.18) 

This result almost follows simply from consideration of ghost and momentum quantum 
numbers. The fact that the structure constant is unity requires more detailed analysis 



6% . With the identifications x = Oi/2,i/25 V = C^i/2,-1/25 we identify the chiral ground 
ring with the algebra of polynomials in x and y, denoted C[a;, y]. 

Of course, the existence of a ring in the OPA of the BRST cohomology does not require 
us to restrict to ghost number G = 0. To describe the full operator product algebra, we 
first introduced some geometry. 

Geometry of the BRST operator product algebra 

An old observation |p.65|| is that the BRST cohomology of string theory resembles 



cohomological structures of manifolds. The operator product algebra of the 26-dimensional 
string has proven too complicated to pursue this line of thought very far, but the 2D string 
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example has provided some very interesting realizations of that idea |67,S6|. From ( |14.18|) , 
we see that the ground ring is the ring of polynomial functions on the x,y plane. Witten 



and Zwiebach show that the remaining cohomology can be identified with polynomial 
vectors and bi- vectors via the introduction of an area- form uj = dx /\ dy . Indeed we have 
the correspondence: 



O 

Y+ 



dfj,m d dfj^rn 9 



aO 



dy dx dx dy 



+ 



d d 



d 



d 



ox oy 



;i4.19) 



In the third line, the vector field X is an area non-preserving diffeomorphism and satisfies 
Cxj^„^i^ = fj,m'-^, or, diX^ = fj^m- With these identifications, we can elegantly summarize 
the operator product algebra as the ring structure on A*T = ®f=oT, where T is the 
polynomial tangent bundle on the x, y plane pB| , p.66| . 

Since we are working at /U = we must also consider the (— ) states. These may 
be nicely incorporated into the theory. The full structure has been elucidated by Lian 
and Zuckerman ||166|| in terms of an algebraic structure they call a Gerstenhaber algebra. 
Related algebraic structures have also figured prominently in several recent works on string 



field theory and topological string theory. See 1 167, 168 . 



Exercise. Explicit Ring Structure 

Show that the ring structure in the natural basis is 



On, 


mi 


Oj, 


m2 


= On + 


On 


,mi 


•F+ 


7712 


= ^Yn 


y+ 

31 


,mi 


•F+ 

J2 


7712 





,mi+m2 ~^ P'^Oj^-\-j2 + l,mx+m2 
Jl+J2-l,'mi+m2 ' 



(14.20) 



Remarks: 

1) There is a dual interpretation replacing poly vectors by differential forms. In this 



formulation, 6o essentially plays the role of an exterior derivative. See |6^ . 
2) It is natural to ask for the analog of the ground ring at c < 1. This has been 



discussed in ||131| , |169|| . The operator product ring is G{{w)) ®<C[x,y\ with relations 
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xP~^ ~ y'^~^ ~ 1 (where (C{{w)) designates the ring of Laurent series with finite order 
poles). 

Lie Algebra of Derivations 

Let us investigate more closely some consequences of the above assertions. The opera- 
tor product algebra of the ghost number G = 1 operators is the Lie algebra of vector fields. 
When restricted to the area- preserving vector fields K,^, this may be identified with the 
\/w Lie algebra as follows. The operator Y has the structure Yj^rn = cVFj^m, where W is 
a ghost-free operator of dimension one, so applying the descent equations to the BRST 
invariant zero-form O^^) = Yj^^i gives a dimension one operator fl^^^ = W. The associated 



Lie algebra can be deduced by direct calculations of the operator products to be [p. 60 



W,„^Az)Wj,,mM - ^""^'^ W,,+J,.^,^,+mM ■ (14.21) 



Again, much of this formula is fixed simply by considering the quantum numbers. The 
expression (|14.21[) is in agreement with the commutator of polynomial vector fields. 



Associated with the Lie algebra of currents are the charges Q{Y^^) = § Wj^m- These 
act on the ground ring as derivations. To prove this, let (9i(P), 02{Q) be two ground ring 
operators, and let C be a contour surrounding points P, Q, and Ci, C2 surround only P and 
Q, respectively. We have: 

£Wj,m(o,iP)02{Q)^ = [j^ Wj,m0iiP)^02{Q) + 0iiP)(^£ Wj^MQ)) . (14.22) 

Since the BRST invariant contribution to the operator product is independent of the 
difference z{P) — z{Q), the action of the charges descends to a derivation on the ground 
ring. In the geometrical interpretation this is just the action of polynomial vector fields 
on polynomial functions. 



Exercise. Two viewpoints 

Show that the second description of the operator algebra of ghost number G = 
and G = 1 states is equivalent to the ring structure on A*T. Use the fact that if 
Cw^^ = is area preserving and Cyu: = ftu, then C[v,w]^ = ^{f)^- 
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Tachyon Modules: Away from the self-dual radius, there are new BRST cohomology 
classes Vq = ce''?^/^e^^^" sl'^l^'^, with g ^ 2. The ring of BRST operators acts on 
these new cohomology classes via operator products. Since the position-dependence of the 
operators is a BRST commutator, the tachyon operators form a module representing the 
ring A*T pl|] . 



Cl/2,1/2 


y. 


= Q Vq + l 


Q 


> 


Cl/2,-1/2 




= q 


> 




Cl/2,1/2 




= q 


> 




Cl/2,-1/2 






Q 


> 



First let us determine the action of the ground ring. An easy free-field calculation, 
using the explicit formulae for x, y given in chapt. |^, shows 



(14.23) 



So irreducible representations are classified by Sign(q') and q modi. The remaining ring 
action is somewhat complicated, but can be largely obtained by considering the X, (p 
quantum numbers. For example, 1^"^ ■ is a state with p^^ = {p+2m) / \/2 and —ip^/ = 
\p\+2j — 2. Thus the resulting state can only lie on the tachyon dispersion line if |p-f2m| = 
\p\ + 2j — 2. Therefore, for example, we can immediately conclude that 

Y+m-Vp = 0, (14.24) 

for p ^ if p + 2m < 0, p > 0, or if p + 2m > 0, p < 0. If p + 2m and p have the 

same sign, then we still require \m\ = j — 1 for a nonzero product. In the latter case, the 
nonvanishing product is most simply described as 

Wj^^-^^P = [2j^l\y iPhj-iVp+2U-i) (14.25) 

for p > 0, with a similar formula for Wj^i-j for p < (and {p)m = r(p + m)/r{p) is the 
Pochammer symbol). Thus, when the \/w algebra generated by the currents VFj,m acts on 
the tachyon module, only the Vir^ subalgebra V^w/ V'^ w acts nontrivially on Vp. 

14.5. Algebraic Structures of the 2D String: Closed String Cohomology 

The algebraic structures for the closed string case are quite similar. The only subtlety 
occurs in combining left and right-moving structures. 

Consider first the ground ring for the self-dual compactification. The ghost number 
G = cohomology classes are spanned by 7lj^m,m' = Oj^rnOj^rn' ■ We must use the same 
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spin j even at the self-dual radius, since left- and right-moving Liouville momenta must 
match. The geometrical interpretation of this ring emerges when one writes ground ring 
elements as x'^y'^x'^y'^ . Equating left and right Liouville- momenta we have n + m = n+fn. 
The ground ring is therefore always generated by polynomials in the expressions ai = xx, 
0-2 = yy^ = xy^ = yx. Note that the a's obey the relation aia2 = 0304, defining a 
three-dimensional quadric cone Q. At infinite radius we only have ground ring generators 
T^j,m,m and the ground ring again becomes the ring of polynomial functions on the x, y 
plane. 

In a manner analogous to the previous section, one can consider the other algebraic 
structures and their geometrical interpretations in terms of the cone Q. For example, the 
symmetries associated to the ghost number G = 1 cohomology are the volume preserving 



diffeomorphisms of Q. Further results may be found in [66 



As in the chiral case, the ground ring and discrete charges act on the tachyon operators 



Vp. Indeed, recall from sec. that we may apply the descent equations to the ghost 
number one BRST classes J^j,m = Yj^rn^j-^,'m and its holomorphic conjugate. The first 
step in the descent equations gives a current 

where \X) = h_i\Oj-i^rn) ■ This is an unusual current: although it has dimension (1,0), 
it is not purely holomorphic. Moreover, its charge is only conserved up to BRST exact 
states. Nevertheless, we can let these discrete currents act on tachyons. The story is very 
similar to the chiral case. In BRST cohomology, the only nonzero actions occur for p > 0, 
Jj,j-i or p < 0, Jj^i-j. In this case we have Ajj-i = (2j+i)! -^2j we find that, for p > 0: 

[L^,Vp]=pVp+n . (14.27) 

So, again Vir+ (see (|12]2D) acts. 

String theory Ward identities as applied to 2D string theory have been described in 
6^,|69|, [T31|JT61] , |T55| . 



Further extensions of this formalism and likely directions for future progress, including 
applications in physical contexts, are deferred to . 



15. Achievements, Disappointments, Future Prospects 

Quantum gravity has been a theoretical challenge for 70 years. String theory has been 
evolving for 25 years. In the past 3-4 years, some new ideas have been applied to these 
old problems. It is time to assess the harvest of this recent effort. 
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Exercise. Missing lessons 

Determine which of the lessons below are covered quite elegantly in portions of text 
that have been omitted from these lecture notes [0] but will be restored for the book 
version [19|. 



15.1. Lessons 

From the quantum gravity point of view, the main lessons we have learned from the matrix 
model are: 

• Euchdean Quantum Gravity makes sense, at least in two dimensions. 

• The nature of quantum states in Euclidean quantum gravity, and their interpretation 
within the quantum mechanical framework is surprising, and requires the introduction 
of non-normalizable wavefunctions as well as normalizable wavefunctions. 

• The Wheeler-DeWitt constraint is violated in topology-changing processes. 

• The contributions of singular geometries to the path integral of quantum gravity are 
important. 

• There is a phase of topological gravity which can be connected to phases of nontopo- 
logical gravity. 

Prom the string theory point of view, the main lessons we have learned from the matrix 
model are: 

• Nonperturbative definitions of string physics, at least in some target spaces, exist. 

• There are backgrounds with large unbroken symmetries, e.g., ifi+oo and volume pre- 
serving diffeomorphism algebras. 

• The large order behavior of perturbation theory at order g has the typically "stringy" 
{2g)\ growth. 

• In solvable string theories, there is a beautiful mathematical framework (KP flow, 
VF-constraints, etc.) that relates string physics in different backgrounds. 

• With current understanding, it is fundamentally impossible to achieve complete back- 
ground independence: There is always dependence on boundary and initial conditions 
associated with non-normalizable states. 

• There is a phase of string theory which is topological, and can be connected to non- 
topological phases with local physics (such as string scattering in two dimensions). 
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15.2. Disappointments 

From the quantum gravity point of view, our main disappointments thus far are: 

• It is not yet obvious how to apply our new insights into quantum gravity in two 
dimensions to treat the case of quantum gravity in four dimensions. 

• Even in two dimensions, the matrix model results have not yet provided solutions to 
fundamental problems of quantum gravity, such as the ultimate nature of singularities, 
whether Hawking radiation violates fundamental principles of quantum mechanics, 
and related paradoxes. 

• Some nonperturbative aspects of gravity have been investigated, but no clear lessons 
have been drawn and there remain many important open problems. 

From the string theory point of view, our main disappointments thus far are: 

• The spacetime physics for c < 1 conformal matter coupled to quantum gravity, while 
not fully elucidated, seems rather uneventful due to the lack of a time dimension, i.e. 
due to the lack of fully developed spacetime field theory. 

• Spacetime physics of the c = 1 matter coupled to quantum gravity is essentially that of 
a free boson. We have as yet no understanding of the infinite tower of string states or 
of backreaction. It may be that strings propagating in two target space directions, i.e. 
with no transverse dimensions, is not representative of strings propagating in higher 
dimensions. Even for strings in two target space dimensions, we have not progressed 
so far beyond the cr-model point of view to a conceptually new formulation. 

• The biggest disappointments have been from the standpoint of nonperturbative 
physics: 

• There are stable non-perturbative solutions for the minimal (2,5) model (Yang- 
Lee edge singularity), and higher non-unitary models coupled to quantum gravity, 
but again the dynamics is limited due to the lack of time coordinate and conse- 
quent lack of spacetime interpretation. 

• For the c < 1 unitary models coupled to quantum gravity, there is no nonpertur- 
bative theory. 

• For c = 1 matter coupled to quantum gravity, we have the opposite problem: 
there are infinitely many nonperturbative completions of the c = 1 ^'-matrix, i.e., 
there are infinitely many "^-parameters." 

• Our lessons on background dependence are sobering: there are infinitely many super- 
selection sectors. 
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15.3. Future prospects and Open Problems 

Singularity is almost invariably a clue. — Sherlock Holmes 

Each paragraph in the text marked with the "dangerous bend sign" represents an 
opportunity. 

• The quantum Liouville theory remains unsolved, and is still needed to calculate an- 
swers to many physics questions, so major surprises remain possible. 

• We need a better understanding of backgrounds. At present, we seem to have an 
infinite dimensional manifold of solutions to string theory, and an infinitely large class 
of superselection sectors. Are all these solutions related by some symmetry? 

• Can we use these backgrounds to understand anything about time-dependence in 
string theory? 

• Natural nonperturbative definitions of 2D string theory and 2D gravity are still lack- 
ing! One might have hoped that imposing some physical criterion such as unitarity 
would strongly constrain the possible nonperturbative definitions of the theory, but 
this does not occur in the case of the c = 1 model coupled to gravity. There we found 
infinitely many nonperturbative completions all of which seem perfectly natural from 
the matrix model point of view, and we thus obtain little guidance in this regard. 

• Can the comprehensive picture of the c < 1 backgrounds, unified via the KP formal- 
ism, be generalized to the case of 2D string backgrounds? Is there e.g. a multiparam- 
eter space of theories which encompasses both the black hole and c = 1 spacetimes? 
Finding a unified picture of all 2D or c < 1 backgrounds remains an interesting open 
problem. 

• We need to find new ways of cancelling the tachyonic divergences of string theory 
— i.e., of making sense of the integrals over moduli spaces. This is essentially the 
problem of going beyond the "c = 1 barrier." 

• Does the c = 1 model teach us how to understand better the covariant closed string 
field theory of ||4|]? 



One of the great open puzzles in the subject is the absence of backreaction on the 
metric and other "special state" degrees of freedom, and in particular, the role of 2D 
black holes in c = 1 string theory. 

Are there interesting supersymmetric extensions of the theories we consider here (i.e. 
with potentially interesting spacetime properties such as the construction of [|17CI|| )? 
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Appendix A. Special functions 



A.l. Parabolic cylinder functions 



Unfortunately, there are four notations commonly used for parabolic cylinder func- 
tions ||17iyi72|] . Our wavefunctions tjj^{a,x) are the 5-function normalized even and odd 



solutions of + = o-il^- In terms of degenerate hypergeometric iFi{a, P; x) and 

Whittaker functions M^^^{x), Da{x), we have even and odd parity wavefunctions: 



ip {a, x) 



1 



47r(l + e2^")V2 

r(l/4 + za/2) 



V47r(l+e2-«)i/2 
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e-"-/^ |r(l/4 + za/2) \ M,,/2,_y^{ix' /2) 

x\ 



(A.l) 



ifj (a, x) 
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V47r(l + e2-«)i/2 

g— 3i7r/8 



23/4 
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a;e-*^'/4 ^Fi{3/4 - ia/2; 3/2; ix^/2) (A.2) 



g-aV4|r(3/4 + ,a/2)|— 3y^M,„/2,i/4(^x72) . 
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A. 2. Asymptotics 
Define 



are: 



The asymptotic properties of tlie wavefunctions [p. 72 
1) // > A2 

g-7r/x/2 

^) ~ (2^)1/2^1/4 cosli(v/^A) 

g-7rAt/2 

^"(^'^) ^ (27r)V2^i/4 smh(v//IA) . 



2) > 



3) A » 1^1 



"^^^^'^^ ^ (47r)V2|^|i/4 ^os(v^A) 
"^"^^'^^ ^ (47r)V2|^|i/4 ^^^(v^^) • 



V'^(/",A) ~ . ^ , ^ — (v^cos(AV4-;ulogA + $(;»)) 
(27rAvl + e2'rA')i/2 V 



4) X = v/A2 - i/j > 1 

± l/^/kU^jsm(^^XX - ^r(A,;u) + 
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